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Abstract 

The anholonomic frame method is generahzed for non-Riemannian gravity models 
. defined by string corrections to the general relativity and metric-affine gravity (MAG) 

theories. Such spacetime configurations are modeled as metric-affine spaces provided 
with generic off-diagonal metrics (which can not be diagonalized by coordinate trans- 
forms) and anholonomic frames with associated nonlinear connection (N-connection) 
r~| ! structure. We investigate the field equations of MAG and string gravity with mixed 

holonomic and anholonomic variables. There are proved the main theorems on irre- 
ducible reduction to effective Einstein-Proca equations with respect to anholonomic 
frames adapted to N-connections. String corrections induced by the antisymmetric 
I if-fields are considered. There are also proved the theorems and criteria stating a 

new method of constructing exact solutions with generic off-diagonal metric ansatz 
depending on 3-5 variables and describing various type of locally anisotropic grav- 
itational configurations with torsion, nonmetricity and/or generalized Finsler-affine 
effective geometry. We analyze solutions, generated in string gravity, when general- 
ized Finsler-affine metrics, torsion and nonmetricity interact with three dimensional 
solitons. 
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1 Introduction 

Nowadays, there exists an interest to non-Riemannian descriptions of gravity interactions 
derived in the low energy string theory ^ and/or certain noncommutative j2] and quantum 
group generalizations jH] of gravity and field theory. Such effective models can be expressed 
in terms of geometries with torsion and nonmetricity in the framework of metric-affine 
gravity (MAG) 4j and a subclass of such theories can be expressed as an effective Einstein- 
Proca gravity derived via irreducible decompositions 0- 

In a recent work [H] we developed a unified scheme to the geometry of anholonomic 
frames with associated nonlinear connection (N-connection) structure for a large number of 
gauge and gravity models with locally isotropic and anisotropic interactions and nontrivial 
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torsion and nonmetricity contributions and effective generalized Finsler-Weyl-Riemann- 
Cartan geometries derived from MAG. Tlie synthesis of metric-affine and Finsler like tlie- 
ories was inspired by a number of exact solutions parametrized by generic off-diagonal 
metrics and anholonomic frames in Einstein, Einstein-Cartan, gauge and string gravity 
[ZllHj. The resulting formalism admits inclusion of locally anisotropic spinor interactions 
and extensions to noncommutative geometry and string/brane gravity [HI E]]. We con- 
cluded that the geometry of metric-affine spaces enabled with an additional N-connection 
structure is sufficient not only to model the bulk of physically important non-Riemannian 
geometries on (pseudo) Riemannian spaces but also states the conditions when such ef- 
fective spaces with generic anisotropy can be defined as certain generalized Finsler-affine 
geometric configurations constructed as exact solutions of field equations. It was elaborated 
a detailed classification of such spacetimes provided with N-connection structure. 

If in the Ref. jH] we paid attention to the geometrical (pre-dynamical) aspects of the 
generalized Finsler-affine configurations derived in MAG, the aim of this paper (the second 
partner) is to formulate a variatonal formalism of deriving field equations on metric-affine 
spaces provided with N-connection structure and to state the main theorems for construct- 
ing exact off-diagonal solutions in such generalized non-Riemannian gravity theories. We 
emphasize that generalized Finsler metrics can be generated in string gravity connected to 
anholonomic metric-affine configurations. In particular, we investigate how the so-called 
Obukhov's equivalence theorem [5j should be modified as to include various type of Finsler- 
Lagrange-Hamilton-Cartan metrics, see Refs. fH] IT^ • The results of this paper consist 
a theoretical background for constructing exact solutions in MAG and string gravity in the 
third partner paper jHj derived as exact solutions of gravitational and matter field equations 
parametrized by generic off-diagonal metrics (which can not be diagonalized by local coor- 
dinate transforms) and anholonomic frames with associated N-connection structure. Such 
solutions depending on 3-5 variables (generalizing to MAG the results from j3 |H1 El CHI CS] ) 
differ substantially from those elaborated in Refs. JHl; they define certain extensions to 
nontrivial torsion and nonmetricity fields of certain generic off-diagonal metrics in general 
relativity theory. 

The plan of the paper is as follows: In Sec. 2 we outline the necessary results on 
Finsler-affine geometry. Next, in Sec. 3, we formulate the field equations on metric-affine 
spaces provided with N-connection structure. We consider Lagrangians and derive geo- 
metrically the field equations of Finsler-affine gravity. We prove the main theorems for 
the Einstein-Proca systems distinguished by N-connection structure and analyze possible 
string gravity corrections by i7-fields from the bosonic string theory. There are defined the 
restrictions on N-connection structures resulting in Einstein-Cartan and Einstein gravity. 
Section 4 is devoted to extension of the anholonomic frame method in MAG and string 
gravity. We formulate and prove the main theorems stating the possibility of constructing 
exact solutions parametrized by generic off-diagonal metrics, nontrivial torsion and non- 
metricity structures and possible sources of matter fields. In Sec. 5 we construct three 
classes of exact solutions. The first class of solutions is stated for five subclasses of two 
dimensional generalized Finsler geometries modeled in MAG with possible string correc- 
tions. The second class of solutions is for MAG with effective variable and inhomogeneous 
cosmological constant. The third class of solutions are for the string Finsler-affine gravity 
(i. e. string gravity containing in certain limits Finsler like metrics) with possible nonlinear 
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three dimensional solitonic interactions, Proca fields with almost vanishing masses, non- 
trivial torsions and nonmetricity. In Sec. 6 we present the final remarks. In Appendices 
A, B and C we give respectively the details on the proof of the Theorem 4.1 (stating the 
components of the Ricci tensor for generalized Finsler-affine spaces), analyze the reduction 
of nonlinear solutions from five to four dimensions and present a short characterization of 
five classes of generalized Finsler-affine spaces. 

Our basic notations and conventions are those from Ref. [Hj and contain an interference 
of approaches elaborated in MAG and generalized Finsler geometry. The spacetime is 
considered to be a manifold of necessary smoothly class of dimension n + m. The 

Greeck indices a,P,... split into subclasses like a = {i,a) , (3 = {j,b) ... where the Latin 
indices k, ... run values 1, 2, ...n and a, b, c, ... run values n+ 1, n + 2, n + m. We follow 
the Penrose convention on abstract indices [T7] and use underlined indices hke a = (i, a) , 
for decompositions with respect to coordinate frames. The symbol " =" will be used is 
some formulas will be introduced by definition and the end of proofs will be stated by 
symbol ■. The notations for connections P'^^^, metrics gaf3 and frames and coframes t?^, 
or another geometrical and physical objects, are the standard ones from MAG if a nonlinear 
connection (N-connection) structure is not emphasized on the spacetime. If a N-connection 
and corresponding anholonomic frame structure are prescribed, we use "boldfaced" symbols 
with possible splitting of the objects and indices like V"+"', F"^^ = {L^j^, L^^, Cj^, C^^) , 
= idijyhab), Ga = (64,60), ...being distinguished by N-connection (in brief, there are 
used the terms d-objects, d-tensor, d-connection) . 

2 Metric— Affine and Generalized Finsler Gravity 

In this section we recall some basic facts on metric-affine spaces provided with nonlinear 
connection (N-connection) structure and generalized Finsler-affine geometry [0]. 

The spacetime is modeled as a manifold \/"+'" of dimension n + m, with n > 2 and 
m > 1, admitting (co) vector/ tangent structures. It is denoted by vr-^ : TV"'~^"^ — > TV"^ 
the differential of the map vr : \/"+™ —>■ V"' defined as a fiber-preserving morphism of 
the tangent bundle (T\/"+"^, r^, to 1/"+"" and of tangent bundle {TV, r, 1/") . We 
consider also the kernel of the morphism tt'^ as a vector subbundle of the vector bundle 
(j^yn+m^ T^;, y"-+™) . The kernel defines the vertical subbundle over V^"+™-^ s denoted as 
(^^yn+m^^^^yn+m^ . Wc parametrize the local coordinates of a point u G \/"+"^ as = 
{x\y'^) , where the values of indices are i,j,k,... = l,2,...,n and a,b,c,... = n+l,n + 
2, ...,n + m. The inclusion mapping is written as i : t)V^"+™- — j^yn+m^ 

A nonlinear connection (N-connection) N in a space (V"''^"^, vr, V"") is a morphism of 
manifolds : TV"'^"^ —>■ vV"'^"^ defined by the splitting on the left of the exact sequence 

^ VV''+"' J.yn+ml^yn+m _^ 

The kernel of the morphism N is a subbundle of (2"^"+"^^ te, V^"+™) , called the horizon- 
tal subspace and denoted by {hV'^+'^, th, 1/"+™) . Every tangent bundle (T\/'"+"^, te, 1/"+™) 
provided with a N-connection structure is a Whitney sum of the vertical and horizontal 
subspaces (in brief, h- and v- subspaces), i. e. 

jnyn+m ^ }^yn+m ^ ^yn+m^ ^2) 
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We note that the exact sequence defines the N-connection in a global coordinate free 
form resulting in invariant splitting Q (see details in Refs. [THl IT^ stated for vector and 
tangent bundles and generalizations on covector bundles, superspaces and noncommutative 
spaces [iH] and jH]). 

A N-connection structure prescribes a class of vielbein transforms 



A%{u) 







/3 







-Ni{u)e'', {u) 
(u) 



(3) 
(4) 



in particular case ef- = Sj and e^- = 6^ with 6} and being the Kronecker symbols, defining 
a global splitting of V""*""^ into "horizontal" and "vertical" subspaces with the N- vielbein 
structure 

= e^dg_ and = e^^^du^ 

We adopt the convention that for the spaces provided with N-connection structure the 
geometrical objects can be denoted by "boldfaced" symbols if it would be necessary to 
distinguish such objects from similar ones for spaces without N-connection. 

A N-connection N in a space V""*""^ is parametrized by its components N°'{u) = 

N = iVf ® da 
and characterized by the N-connection curvature 



o = -n^J A d' ® da, 

2 ■' 



with N-connection curvature coefficients 

dm 



dx^ dx 



dm ,dm .dm 

' dy^ ^ dy^ ■ 



(5) 



On spaces provided with N-connection structure, we have to use 'N-elongated' opera- 
tors like 5j in (jSJ instead of usual partial derivatives. They are defined by the vielbein 
configuration induced by the N-connection, the N-elongated partial derivatives (in brief, 
N-derivatives) 



ea = 5a = (5i, da) = 



and the N-elongated differentials (in brief, N-differentials) 

= Sf^ = [d\ 5") = 5m" = {6x' = dx\ dy" = dy^ + («) d^") 



(6) 



(7) 



called also, respectively, the N-frame and N-coframe. There are used both type of deno- 
tations Bq, = 5ci and = 5 " in order to preserve a connection to denotations from Refs. 
[T^ E [8, 9j. The 'boldfaced' symbols Bq, and will be considered in order to empha- 
size that they define N-adapted vielbeins but the symbols 5^ and 5 ^ will be used for the 
N-elongated partial derivatives and, respectively, differentials. 
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The N-coframe (|Zj) satisfies the anholonomy relations 

[Sa, Sp] = 5a5f3 - SpSa = w'^^^ (u) 5^ (8) 

with nontrivial anholonomy coefficients w^^ (u) computed as 

= = <a = = daN^ (9) 

The distinguished objects (by a N-connection on a spaces V""''™') are introduced in a 
coordinate free form as geometric objects adapted to the splitting In brief, they are 
called d-objects, d-tensor, d-connections, d-metrics.... 

There is an important class of linear connections adapted to the N-connection structure: 

A d-connection D on a space V""*"™ is defined as a linear connection D conserving under 
a parallelism the global decomposition 

The N-adapted components F^^ of a d-connection Dq, = (5q,JD) are defined by the 
equations 

from which one immediately follows 

r\,iu) = iBj,)\5\ (10) 

The operations of h- and v-covariant derivations, Df"^ = {L'^jk, } and d]^^ = {Cj;,, C^^} 
are introduced as corresponding h- and v-parametrizations of pO|) . 

L), = {T>kS,)\d\ LI = (D,a,)J5^ = (D,5,)Jd\ C^, = {D,d,)\6\ 

The components F"^^^ = {L^j^, L^j^, C*^, C^^ completely define a d-connection D in V""*""*. 

A metric structure g on a space V""*"™ is defined as a symmetric covariant tensor field of 
type (0, 2) , Qafi^ being nondegenerate and of constant signature on V""'"''". A N-connection 
N ={N-{u)} and a metric structure g = Qapdu—® du^ on V"^'" are mutually compatible 
if there are satisfied the conditions 

g (5i, da) = 0, or equivalents, gia (u) - (u) hat (u) = 0, 

where hab = g {da, db) and gia = g (9^, da) resulting in 

N^iu) = h^' iu)g,a (u) 

(the matrix h"''' is inverse to hab] for simplicity, we do not underline the indices in the last 
formula). In consequence, we define an invariant h-v-decomposition of metric (in brief, a 
d-metric) 

g{X,Y)=hg{X,Y) + vg{X,Y). 
With respect to a N-coframe ((Tj), the d-metric is written 

g = g„^ (u) r ® 5'^ = gij (u) d' ® d^ + hab (u) 5'' ® 6\ (11) 
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where gij = g 5j) . The d-metric (fTT|) can be equivalently written in "off-diagonal" with 
respect to a coordinate basis defined by usual local differentials du"" = {dx\ dy"-) , 



lap 



Nfhe hah 



(12) 



A metric, for instance, parametrized in the form (fT^ is generic off-diagonal if it can 
not be diagonalized by any coordinate transforms. The anholonomy coefficients Q do not 
vanish for the off-diagonal form ()12|) and the equivalent d-metric (fTT|) . 

The nonmetricity d-field 

Q = ® = QapS " ® 6" 

on a space V""*""* provided with N-connection structure is defined by a d-tensor field with 
the coefficients 

Q,^ = -Dg„^ (13) 
where the covariant derivative D is for a d-connection (fTIHl r'^^, = T^^/s^^ with F^^ = 

( T i T a r^i r^a \ 
y^jki ^hki ^jci ^hc) ■ 

A linear connection Dx is compatible with a d-metric g if 

^xg = 0, (14) 

i. e. if (5q,/3 = 0. In a space provided with N-connection structure, the metricity condition 
()14|1 may split into a set of compatibility conditions on h- and v- subspaces, 

DW(/ig) = 0,DM(/ig) = 0,Dl'*l(t;g) = 0,^1^1 (t;g) = 0. (15) 

For instance, if D[^l(/ig) = and D'^^^iv^ = 0, but, in general, D^^^{hg) ^ and D^^^{vg) ^ 
we have a nontrivial nonmetricity d-field Q^^ = Q^ais'^'^ with irreducible h-v-components 

Q7a/3 i^Qijk: Qabc) ■ 

In a metric-affine space, by acting on forms with a covariant derivative D, we can also 
define another very important geometric objects (the 'gravitational field potentials', the 
torsion and, respectively, curvature; see |1]): 

T° = Di?'^ = 5^9" + F^^ A (16) 

and 

R"^ = DF°^ = 5F"^ - F^^ A F" ^ (17) 

For spaces provided with N-connection structures, we consider the same formulas but for 
"boldfaced" symbols and change the usual differential d into N-adapted operator 6. 
A general affine (linear) connection D = \/ + Z = {F^^ = F^^^ + Zj^} 

r\ = rl,^^ (18) 

can always be decomposed into the Riemannian F^ ^ and post-Riemannian parts jH E] , 

F"^ = F^ ^ + Z-f,. (19) 
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The distorsion 1-form Z'^ from is expressed in terms of torsion and nonmetricity, 

= e^sjT, - e^\Tfs + ^ (eJe^jT,) ^ + (e^lQfs^) - (e^jg„^) + ^Q^p (20) 

where Ta is defined as flT^ and Qa/3 == —Dga/3. (We note that Z"^ are A^^^^ from Ref. [S], 
but in our works we use the symbol N for N-connections .) For Qf^^ = 0, we obtain from 
pn|l just the distorsion for the Riemannian-Cartan geometry 

By substituting arbitrary (co) frames, metrics and hnear connections into N-adapted 
ones, 

ea Bc,,^^ 1^'^, gal3 ga/3 = (fi'ij, hab) , ^ T^a: 

with Qq^ = Q-ya/s'i^'^ and T"" as in (fT^. into respective formulas (fTHj). (fT^ and (PU]) . we can 
define an affine connection D = y + Z = [F"^^^] with respect to N-adapted (co) frames, 

. = r%^^ (21) 

with 

r-^ = r^^ + z%, (22) 

where 

^^■ya = \ [e^J ^^o. - ej 5^9^ - (e^J ej 5^9^) A , (23) 

and 

Z,^ = e^J - e J + ^ (e„J e^J T^) ^ + (e,J 0^^^) - (e^J Q„^) + ^Q„;3. (24) 

The h- and v-components of F"^ from (j^^ consists from the components of ^ (consid- 
ered for (121) and of Z^^j with Z° = [Z]^, Z^,^, Zj^, Z^^J . We note that for = 0, the 
distorsion 1-form Tj^p defines a Riemann-Cartan geometry adapted to the N-connection 
structure. 

A distinguished metric-affine space V^^'" is defined as a usual metric-affine space 
additionally enabled with a N-connection structure N = {A^"} inducing splitting into 
respective irreducible horizontal and vertical subspaces of dimensions n and m. This space 
is provided with independent d-metric (fTT|) and affine d-connection (fTUj) structures adapted 
to the N-connection. 

If a space V""^*" is provided with both N-connection N and d-metric g structures, 
there is a unique linear symmetric and torsionless connection called the Levi-Civita 
connection, being metric compatible such that V7ga/3 = for g^^ = {gij,hab) , see ffTT| . 
with the coefficients 

computed as 

ra/37 = I + ^iSpa - Sag^p + garW;^ + g/3rW^^ - g^^W^^] (25) 

with respect to N-frames 6/3 = 5/3® and N-coframes = 6°' ((Zj). 
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We note that the Levi-Civita connection is not adapted to the N-connection structure. 
Se, we can not state its coefficients in an irreducible form for the h- and v-subspaces. There 
is a type of d-connections which are similar to the Levi-Civita connection but satisfying 
certain metricity conditions adapted to the N-connection. They are introduced as metric 
d-connections D = (Dt'^l,/}^) in a space V"'^'" satisfying the metricity conditions if and 
only if 

Dfg,^ = 0, D^S,, = 0, DfK, = 0, D^^Sab = 0. (26) 



Let us consider an important example: The canonical d-connection D = i^D^^''^ , D^"" 
equivalently r'''„ = V^^^d^ , is defined by the h- v-irreducible components V^^p — (-^jfc; 



q^,QJ, where 



7* — 


1 iT ( ^9jk Sgkr 
2^ \6x^ 6x^ 


Sgjk\ 
J 


^bk — 


dyb 2 \6x^ 


dy^ ' 




^ ikdgjk 
2^ 




^hc — 


^j^ad ( dhbd dhcd 
2 V-^y^ 9y'' 


dhbc 

Qyd 



(27) 



dm 



d 

I'dc TT—hdb 



satisfying the torsionless conditions for the h-subspace and v-subspace, respectively, Tj^ = 
TSc = 0- 

The components of the Levi-Civita connection F^^^ and the irreducible components of 
the canonical d-connection T"^^^ are related by formulas 

~ y-')k-> ^bk ^"jk^ca, C^c J i (28) 

where is the N-connection curvature (0). 

We can define and calculate the irreducible components of torsion and curvature in a 
space V""*"™ provided with additional N-connection structure (these could be any metric- 
affine spaces j^, or their particular, like Riemann-Cartan cases with vanishing non- 
metricity and/or torsion, or any (co) vector / tangent bundles like in Finsler geometry and 
generalizations) . 

The torsion T"^^ = (T^.„ T,^,, T?^, T?,, T^) of a d-connection T^^ = (Lj,, q„ C,»J 
()1UP has irreducible h- v-components (d-torsions) 

rpl rpt TZ TZ rpl rpl rpa rpa l_ J_ C^O, 

■jk — '''kj — ^jk ^kji -'-ja— -'-aj—^.jai -'- .ji — -'■ -ij ~ ^^j ^^i 

rpa rpa pa i ja rpa rpa na >^a /^a {00\ 

^ M — ^ .ib — ^.bi — Qyb -bj' '''■be— .cb — '-^ .be — ^bc ^cb- \'^^) 

We note that on (pseudo) Riemanian spacetimes the d-torsions can be induced by 
the N-connection coefficients and reflect an anholonomic frame structure. Such objects 
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vanish when we transfer our considerations with respect to holonomic bases for a trivial 
N-connection and zero "vertical" dimension. 

The curvature R"^^^ = {R\jk, R\jk^ P)ka^ P%ka^ S'jf,^, S%J of a d-connection r;;;^ = 
{L^jk, L^i^, Cj^, C^^) (fTUjl has irreducible h- v-components (d-curvatures) 

^ hjk — §rf.j ~^ ^-hj^mk ^.hk^mj ^.ha^^jk} K'^^l 

Tja -bj ^ .bk < TC ra jc ra /^a qc 

- -J— + ^.bj^.ck ^.bk-L^.cj '-'.bc^^jk, 

^ jka - Qyk \ dx'' ■J'^ ^.jk'-'.la ^.ak'-'.jcj + '-'.jb-^.kay 

f)Tc / afic \ 

pc .bk I .ba I T c /^d j d /~ic j d /~ic \ i /^c jjd 

bka — \ Qr^k ~^ ^ .dk^ .ba ^ .bk^ .da ^ .ak^ .bd j "r ^ .bd^ .kai 

~ dy"" dy^ ^.jb'-^.hc ^.jc^hb^ 

na .be .bd i /^e r-ia r-ie r-ia 

The components of the Ricci tensor 

with respect to a locally adapted frame (jH)) has four irreducible h- v-components Hap = 
{Rij, Ria, Rai, Sab), where 

Rij = R j^ji^, Ria = — Pia = ~P ikai (31) 

p Ip pb q qc 

J^ai — J^ai — aib^ ^ab — >-> abc- 

We point out that because, in general, ^Pai 7^ "^Pia the Ricci d-tensor is non symmetric. 

Having defined a d-metric of type (fTT|) in V""^™", we can introduce the scalar curvature 
of a d-connection D, 

R = g°^R„/3 = R + S, (32) 

where R = g^^Rij and S = h"-^Sab and define the distinguished form of the Einstein tensor 
(the Einstein d-tensor), 

== Ra/3 — -ga/jR. (33) 

The introduced geometrical objects are extremely useful in definition of field equations 
of MAG and string gravity with nontrivial N-connection structure. 



3 N— Connections and Field Equations 

The field equations of metric-affine gravity (in brief, MAG) jH |3] can be reformulated 
with respect to frames and coframes consisting from mixed holonomic and anholonomic 
components defined by the N-connection structure. In this case, various type of (pseudo) 
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Riemannian, Riemann-Cartan and generalized Finsler metrics and additional torsion and 
nonmetricity sructures with very general local anisotropy can be embedded into MAG. It 
is known that in a metric-affine spacetime the curvature, torsion and nonmetricity have 
correspondingly eleven, three and four irreducible pieces. If the N-connection is defined in 
a metric-affine spacetime, every irreducible component of curvature splits additionally into 
six h- and v- components (jHUjl . every irreducible component of torsion splits additionally 
into five h- and v- components ()29|) and every irreducible component of nonmetricity splits 
additionally into two h- and v- components (defined by splitting of metrics into block ansatz 

(HU). 



3.1 Lagrangians and field equations for Finsler— affine theories 

For an arbitrary d-connection F"^ in a metric-affine space V""*"™ provided with N-connecti- 
on structure (for simplicity, we can take n + m = A) one holds the respective decompositions 
for d-torsion and nonmetricity d-field. 



(2) t" = AT, for T = ejT°, 

3 

(3) t" = - *(?9°AP), for P = *(T"At9, 

3 

(l)r|-ia rpQ (2) rpd (3) rj-iCt 



(34) 



and 



a/3 
:/3 



(1) 



(3), 



_ (4) 



Qaf3, 



(35) 



where 



Q 



-g"^Q,^, A = ^"e^J (Q,^ - Qg„^) 
0„ - ie^J A 0^3) 



and the Hodge dual "*" is such that t] = *1 is the volume 4-form and 

with r]ai3-yT being totally antisymmetric. In higher dimensions, we have to consider rj = *1 
as the volume {n + m)-form. For N-adapted h- and v-constructions, we have to consider 
couples of 'volume' forms 77 = (t^'^I = *[^]l,r/t^l = *I^ll) defined correspondingly by gap = 
{dij, hab) ■ 

With respect to N-adapted (co) frames = {6i,da) (0) and 1}" = {d\6"-) ((Tj), the 
irreducible decompositions split into h- and v-components (^)t° = ((^)T*, (^)T") 



11 



for every A = 1,2,3,4. Because, by definition, Qa/s =f Dga/3 and gap = {gij,hab) is a 
d-metric field, we conclude that in a similar form can be decomposed the nonmetricity, 
= {Qij,Qab) ■ The symmetrizatious in formulas hide splittings for '•^•'Qa/s/^'* Qa/3 
and ^^^Q,af3- Nevertheless, the h- and v- decompositions can be derived separately on h- 
and v-subspaces by distinguishing the interior product J = (J'''^,]^^^) as to have T]a = 
iVi = ^i\V: Va = da\ri)... and all formulas after decompositions with respect to N-adapted 
frames (co resulting into a separate relations in h- and v-subspaces, when '•^^Qq,/? = 
( ^^^Qij, ^^^Qab) for every A = 1,2,3,4. 

A generalized Finsler-affine theory is described by a Lagrangian 

^ = ^GFA + ^mat, 

where Cmat represents the Lagrangian of matter fields and 

jCgfa = ^ [-ao[m]R*-' A r]ij - ao[ijt,]R"^ A r]ab - ao[P/i]P*^ A r]ij - aofp^]?"^ A rjab 

-ao[sh]S'^ A r]ij - ao[5,;]S"^ A rjab - 2\[h]V[h] - '^\v]V[v] (36) 

\[A]=1 / \[A]=1 

+2 ( J2 C[hi] ^'^Q^j ] A^'A T^+2lj2 C[vi] ^'^Qab I A r A *Ht'' 

\[/]=2 / \[/]=2 

+b[h5] C'lQ., A A ([^iQ'^^' A ^k) + 6[,5] {^'^Qij A ^0 A (''IQ'^' A ^j,)] 
1 ^ 



2p[m] 



f/l=i 



[7]=1 

[/]=7 

1 6 

— R'^" A *M{ 5Z w^Rvi] ("iRafe - ^'iRfea) + ^[H.7]^?a A [ej ^ ( ^'^K'^ , - I^Ir^-)] 



5 

+ J] ^[R./] (''iRafe + '"'Rfta) + ^[R.6]^c A [ej ^ ( ^^IR^ ^ - [21r^-)] 
[/]=1 
9 

[J]=7 

12 



1 ^ 



[7]=1 
9 

[I]=7 



1 ^ 

^[^"1 [7]=1 
5 

+ E ^[^-^] + + ^[^-6]^c A [e.J M ( [2]P^ , - t^lp,^)] 

[7]=1 
[/]=7 



1 ^ 

2P[5h] 

5 

[7]=1 
[7]=7 



1 ^ 

S'^^A*M{V«;[5./] (['Is.,- Ws,J+^[5.7]t9aA[e,jM ([^lS\- [^^S,'^)] 

5 

[/]=i 



f/l=7 



Let us explain the denotations used in (jHEI): The signature is adapted in the form ( — h ++) 
and there are considered two Hodge duals, *['*lfor h-subspace and *t''lfor v-subspace, and re- 
spectively two cosmological constants, X[h] and A[„]. The strong gravity coupling constants 
P[Rh], P[Rv], P[Ph], the constants ao[iJh]; ctoifli)]; ctofp/i], (^[/lA], ^[vA], ■■■ C[hi], C[yj], ... are di- 
mensionless and provided with labels [R], [P], [h], [v], emphasizing that the constants are 
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related, for instance, to respective invariants of curvature, torsion, nonmetricity and their 
h- and v-decompositions. 

The action ()36p describes all possible models of Einstein, Einstein-Cartan and all type of 
Finsler-Lagrange-Cartan-Hamilton gravities which can be modeled on metric affine spaces 
provided with N-connection structure (i. e. with generic off-diagonal metrics) and derived 
from quadratic MAG-type Lagrangians. 

We can reduce the number of constants in Cgfa I^'gfa if select the limit resulting 
in the usual quadratic MAG-Lagrangian |1| for trivial N-connection structure. In this 
case, all constants for h- and v- decompositions coincide with those from MAG without 
N-connection structure, for instance. 

The Lagrangian can be reduced to a more simple one written in terms of boldfaced 
symbols (emphasizing a nontrivial N-connection structure) provided with Greek indices. 



\[A]=i J 



+2 I J2 q/1 ^'^Q-/3 A r A * + A 5^ b[r] '^IQ"^ ) (37) 

J^]=2 / \[/]=l 



4 



1 6 

p [I]=l 

5 9 
[/]=1 [/]=7 

where ^^^Wap= ^^^Hap - ^^^Rpa and ^^^Y = ^^^Hap + [■^lR/3a. This action is just for the 
MAG quadratic theory but with and being adapted to the N-connection structure 
as in © and ((Zj) with a corresponding splitting of geometrical objects. 

The field equations of a metric-affine space provided with N-connection structure, 
yn+m ^ [^a^ ^ ^g^^^ f^^^^ ^ ^ (^^^^ ^a^^ ^a^^^^ ^ ^c obtained by the Noether 

procedure in its turn being N-adapted to (co) frames and -(9^. At the first step, we 
parametrize the generalized Finsler-affine Lagrangian and matter Lagrangian respectively 
as 

^'gFA = ^[fa] {^i, ga/3, 1^'^ , Qa/3, T°, R"^) 

and 

Cmat = Cym] {N^ , ga/?, D*) , 
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where and R"^ are the curvature of arbitrary d-connection D and ^ represents the 
matter fields as a p-form. The action S on V"+''" is written 

S = j 5"+"«V^g^ i'Clfa] + Clm]] (38) 

which results in the matter and gravitational (generalized Finsler-affine type) field equa- 
tions. 

Theorem 3.1. The Yang-Mills type field equations of the generalized Finsler-affine gravity 
with matter derived by a variational procedure adapted to the N-connection structure are 
defined by the system 

of = 0. (39) 



D| 






D| 


( dl^\Sa\ 


\ 9T" 


dC 







,o/3 



where the material currents are defined 



for variations "boldfaced" 5C\m]/5 computed with respect to N-adapted (co) frames. 

The proof of this theorem consists from N-adapted variational calculus. The equations 
transforms correspondingly into "MATTER, ZEROTH, FIRST, SECOND" equations 
of MAG [4J for trivial N-connection structures. 

Corollary 3.1. The system ( 1,9.9)) has respectively the h- and v-irreducible components 

V dQij J V dQij J ogij 



dQab ) V ^Qah ) dg, 



iah 





) + DM ( 






) + DM ( 
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dC 



[/«] 



OR 



dC 



dR\ 



yj "J 


\ 


U "J 






\ fa] 




[J ^1 


dR\, 





where 



a 



al3 



(a'\a^') for a*^' = 2^, a'^^ = 2^ 

dgij ohab 

' 



= /or Si 

= (A/-,A„^) /or A, 



- A " 



5Ci 



It should be noted that the complete h- v-decomposition of the system ()40p can be 
obtained if we represent the d-connection and curvature forms as 

r^^. = V^.dx^ + C'^M and T\ = L\,dx' + C\, 5y\ 

see the d-connection components pO|) and 

2R^j = R^f,,dx'Adx' + P^j,Jx'A5y'' + S'f,Jy^A6y'', 
see the d-curvature components (plj). 

Remark 3.1. For instance, a Finsler configuration can be modeled on a metric affine space 
provided with N-connection structure, V""*""^ = A^^^*, go,/? 
the ansatz for N-connection is of Cartan-Finsler type 



n = m. 



AT" ^ IP^N' = - — 
' ' 8 dy^ 



\ dx^ dx^ dx^ 



[FY 
Ik 



the d-metric 



lap = ^■^ defined by 1771) with 

^If = 9^, = K = \d'F/dy^dy 



and '"^'r^^ is the Finsler canonical d-connection computed as \27}) . The data should define 
an exact solution of the system of field equation ^Uj) (equivalently of 

Similar Remarks hold true for all types of generalized Finsler-affine spaces considered 
in Tables 1-11 from Ref. 0. We shall analyze the possibility of modeling various type of 
locally anisotropic geometries by the Einstein-Proca systems and in string gravity in next 
subsection. 
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3.2 Effective Einstein— Proca systems and N— connections 

Any affine connection can always be decomposed into (pseudo) Riemannian, ^, and 
post-Riemannian, Z"^, parts as F"^ = F^ ^ + see formulas (|T9|l and pO|l (or (j22|l and 
fl24|l if any N-connection structure is prescribed). This mean that it is possible to split all 
quantities of a metric-affine theory into (pseudo) Riemannian and post-Riemannian pieces, 
for instance, 

i?"^ = i?^^ + V^% + ^%AZ^^. (41) 

Under certain assumptions one holds the Obukhov's equivalence theorem according to which 
the field vacuum metric-affine gravity equations are equivalent to Einstein's equations with 
an energy-momentum tensor determined by a Proca field 1201 ■ We can generalize the 
constructions and reformulate the equivalence theorem for generalized Finsler-affine spaces 
and effective spaces provided with N-connection structure. 

Theorem 3.2. The system of effective field equations of MAG on spaces provided with 
N-connection structure / l,?.9)) (equivalently, \4(^ ) for certain ansatz for torsion and non- 
metricity fields (see o.^'^d / T^) ) 

= (2)T" = 0, (^)Q„;3= (')Q./3 = 0, (42) 
Q = A;o0, A =^10, T =^20, 

where ko,ki,k2 = const and the Proca 1-form is (p =0a'i9° = (pidx"^ + 4>aSy"', reduces to the 
Einstein-Proca system of equations for the canonical d-connection T'^^p (H^' ^'^^ massive 
d- field (f)a, 

5 (*H) + /i20= 0, (43) 
where H =S(f), the mass fi = const and the energy-momentum is given by 

SL^l=^{(eJ H) A *H- (ej * H) A HV[(eJ 0) A *0- (ej * 0) A 0]} 
zp 

is the energy-momentum current of the Proca d-field and "E^a^ is the energy-momentum 
current of the additional matter d-fields satisfying the corresponding Euler-Largange equa- 
tions. 

The proof of the Theorem is just the reformulation with respect to N-adapted (co) 
frames (jH)) and (|7j) of similar considerations in Refs. I^HI- The constants kQ,ki.... are 
taken in terms of the gravitational coupling constants like in j2l] as to have connection to the 
usual MAG and Einstein theory for trivial N-connection structures and for the dimension 
m —>■ 0. We use the triplet ansatz sector (jl^ of MAG theories EIII- It is a remarkable 
fact that the equivalence Theorem 13.21 holds also in presence of arbitrary N-connections i. 
e. for all type of anholonomic generalizations of the Einstein, Einstein-Cartan and Finsler- 
Lagrange and Cartan-Hamilton geometries by introducing canonical d-connections (we can 
also consider Berwald type d-connections). 
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Corollary 3.2. In abstract index form, the effective field equations for the generalized 
Finsler-affine gravity following from (|73| ) are written 

R«/.-^ga,5 = ^(SS + SS), (44) 

with = Tiycj)^ — 'D^(j)y + w'Jj^^^cj)^ being the field strengths of the Abelian Proca field 
(b^,k = const, and 



S|3 = H/H^^ - ^g^^H^.H'^'^ + /xVa0/3 - y (45) 



2 



The Ricci d-tensor R^^ and scalar R from (j44|) can be decomposed in irreversible 
and v-invariant components like ()31|) and ()32p. 

R^-19^,{R + S) = + Sl-l) , (46) 

Sat-IK,{R + S) = /^(SS + S?), (47) 

'Pa^ = '^(Sff + S?), (48) 

-'P^a = (Slf + . (49) 

The constants are those from jS] being related to the constants from (jSZj), 

= — -4/^4 + 7^/35 + 7:^74 

where 

fco = 4a2/33 - 3(73)' 7^ 0, fci = 9 Qas/^s - 7374^ , h = 3 (^4/5374 - ^P^ls 
a2 = 02 - 2ao, 03 = h + /54 = ^4 - 73 = C3 + ao, 74 = C4 + ao- 

o o 

If 

the mass of Proca field /i^ — 0. The system becomes like the Einstein-Maxwell one with the 
source ()45|1 defined by the antisymmetric field H^^ in its turn being determined by a solution 

of DjyD'^^Q, = (a wave like equation in a curved space provided with N-connection) . Even 
in this case the nonmetricity and torsion can be nontrivial, for instance, oscillating (see 

dH). 

We note that according the Remark |3.1l the system defines, for instance, a Finsler 
configuration if the d-metric ga/s, the d-connection Dj, and the N-connection are of Finsler 
type (or contains as imbeddings such objects). 
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3.3 Einstein— Cartan gravity and N— connections 

The Einstein-Cartan gravity contains gravitational configurations with nontrivial N-con- 
nection structure. The simplest model with local anisotropy is to write on a space V"^'" 
the Einstein equations for the canonical d-connection T'^^^ ()27j) introduced in the Einstein 
d-tensor (jHHjl . 

1 



or in terms of differential forms 



A R^^ = /tSL'"! (51) 

which is a particular case of equations PHj) . The model contains nontrivial d-torsions, T^^^, 
computed by introducing the components of ^I7\ into formulas fl^ . We can consider 
that specific distributions of "spin dust/fluid" of Weyssenhoff and Raabe type, or any 
generalizations, adapted to the N-connection structure, can constitute the source of certain 
algebraic equations for torsion (see details in Refs. JHl) or even to consider generalizations 
for dynamical equations for torsion like in gauge gravity theories [22] • A more special case 



is defined by the theories when the d-torsions T^^,^ are induced by specific frame effects 
of N-connection structures. Such models contain all possible distorsions to generalized 
Finsler-Lagrange-Cartan spacetimes of the Einstein gravity and emphasize the conditions 
when such generalizations to locally anisotropic gravity preserve the local Lorentz invariance 
or even model Finsler like configurations in the framework of general relativity. 

Let us express the 1-form of the canonical d-connection r'^'^, as the deformation of the 
Levi-Civita connection ^, 

f \ = , + Z\ (52) 

where 

= e^J T„ - e,J + - (e,J e^J T^) ^ (53) 

being a particular case of formulas (|22|) and ()24|1 when nonmetricity vanishes, Q,af3 = 0. 
This induces a distorsion of the curvature tensor like ()4H1 but for d-objects, expressing (jSlj] 
in the form 

r]^f,^ A R^-^ + v^f,^ A Z^-^ = /tSH (54) 

where 

Z^^ = VZ^ + Z^,AZ%. 

Theorem 3.3. The Einstein equations i51]) for the canonical d-connection constructed 
for a d-metric field ga^j = [gij.hab] (HIP and N-connection is equivalent to the grav- 
itational field equations for the Einstein-Cartan theory with torsion T^^ defined by the 
N-connection, see formulas / f^) . 



Proof: The proof is trivial and follows from decomposition (j52|l . 

Remark 3.2. Every type of generalized Finsler-Lagrange geometries is characterized by 
a corresponding N- and d-connection and d-metric structures, see Tables 1-11 in Ref. 
1^. For the canonical d-connection such locally anisotropic geometries can be modeled on 
Riemann- Cartan manifolds as solutions of h51\) for a prescribed type of d-torsions h29^) . 
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Corollary 3.3. A generalized Finsler geometry can he modeled in a (pseudo) Riemann 
spacetime by a d-metric ga/s = [gij,hab] / fTT]) . equivalently by generic off-diagonal metric 
m^} . satisfying the Einstein equations for the Levi-Civita connection, 

Vap, A Rj-^ = «SH (55) 

if and only if 

r]^p^ A Z^^ = 0. (56) 

The proof follows from equations (jS^)- We emphasize that the conditions (j^Uj) are 
imposed for the deformations of the Ricci tensors computed from distorsions of the Levi- 
Civita connection to the cannonical d-connection. In general, a solution gaf3 = [gij,hab] 
of the Einstein equations ()55|1 can be characterized alternatively by d-connections and N- 
connections as follows from relation (j2Hl)- The alternative geometric description contains 
nontrivial torsion fields. The simplest such anholonomic configurations can be defined 
by the condition of vanishing of N-connection curvature (0), = 0, but even in such 
cases there are nontrivial anholonomy coefficients, see ©, w^^^ = — w^^^ = daN^, and 
nonvanishing d-torsions ()29|1 . 

^. ^. ^. ^ ^ ^ ON"- - 

r-pi rpz r-pa rpa pa _ t ja 

^ja — ^aj — ^.ja 'i"*^ -'- .bi — ^ .ib — ^ M — -bj^ 

being induced by off-diagonal terms in the metric ()12|1 . 



3.4 String gravity and N— connections 

The subjects concerning generalized Finsler (super) geometry, spinors and (super) strings 
are analyzed in details in Refs. [0]. Here, we consider the simplest examples when Finsler 
like geometries can be modeled in string gravity and related to certain metric-affine struc- 
tures. 

For instance, in the sigma model for bosonic string (see, PP), the background connection 
is taken to be not the Levi-Civita one, but a certain deformation by the strength (torsion) 
tensor 

of an antisymmetric field Byp, defined as 

We consider the if-field defined by using N-elongated operators (jHl) in order to compute 
the coefficients with respect to anholonomic frames. 

The condition of the Weyl invariance to hold in two dimensions in the lowest nontrivial 
approximation in string constant a', see [Qj|, turn out to be 

Rf^u = -^///"if.Ap + 2 Vm V.*, 
Va^'^. = 2(vA$)i^'^., 
(V$)' = VxV'^ + \R+j^Hpypm''r 
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where $ is the dilaton field. For trivial dilaton configurations, $ = 0, we may write 

1 

4 A* 



A 



yxH\, = 0. 



In Refs. [2] we analyzed string gravity models derived from superstring effective actions, 
for instance, from the 4D Neveu-Schwarz action. In this paper we consider, for simplicity, a 
model with zero dilaton field but with nontrivial if-field related to the d-torsions induced 
by the N-connection and canonical d-connection. 

A class of Finsler like metrics can be derived from the bosonic string theory if tlyXp and 
Bj,p are related to the d-torsions components, for instance, with T''^^^. Really, we can take 
an ansatz 

Byp = [Bij, Bia, Bab] 

and consider that 

iiuXp = uXp + HuXp (57) 

where Z is the distorsion of the Levi-Civita connection induced by T"^^^, see (jSSI)- In 
this case the induced by N-connection torsion structure is related to the antisymmetric 
if-field and correspondingly to the 5-field from string theory. The equations 

^"U.xp = V"(Z uxp + H.Ap) = (58) 

impose certain dynamical restrictions to the N-connection coefficients N°- and d-metric 
ga/? = [gij, hab] contained in T'^^f^. If on the background space it is prescribed the cannonical 
d-connection D, we can state a model with redefined as 

B'^a.xp = ^"{Z .Ap + H.Ap) = 0, (59) 

where H^xp are computed for stated values of T'^^^. For trivial N-connections when Z — >■ 
and D'^ — > y'^, the H^^^p transforms into usual if-fields. 

Proposition 3.1. The dynamics of generalized Finsler- affine string gravity is defined by 
the system of field equations 

1 

D''(Z ,Ap + H.Ap) = 
with Hup == 'Du(f)p — T)p(j)u + 'W^2i,07 being the field strengths of the Abelian Proca field 



R«/3-^g«/3R = ( 411 + + sjjn , (60) 



K = const, 



I I ut^u , ,.2i 1 1^ 



2 



and 



contains contributions of T and $ fields. 
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Proof: It follows as an extension of the Corollary K12I to sources induced by string 
corrections. The system ()60|) should be completed by the field equations for the matter 
fields present in 

Finally, we note that the equations ()60p reduce to equations of type ()54|) (for Riemann- 
Cartan configurations with zero nonmetricity) , 

and to equations of type and (j^Uj) (for (pseudo) Riemannian configurations) 

Va(^,AR^^' = (61) 
r/„^^AZj'^ = 

with sources defined by torsion (related to N-connection) from string theory. 

4 The Anholonomic Frame Method 
in MAG and String Gravity 

In a series of papers, see Refs. [ZllHlEIlEj, the anholonomic frame method of constructing 
exact solutions with generic off-diagonal metrics (depending on 2-4 variables) in general 
relativity, gauge gravity and certain extra dimension generalizations was elaborated. In this 
section, we develop the method in MAG and string gravity with applications to different 
models of five dimensional (in brief, 5D) generalized Finsler-affine spaces. 

We consider a metric-affine space provided with N-connection structure N = [A^j^(m"), 
Nflu"")] where the local coordinates are labeled = {x\y'^ = v,y^), for i = 1,2,3. We 
state the general condition when exact solutions of the field equations of the generalized 
Finsler-affine string gravity depending on holonomic variables and on one anholonomic 
(equivalently, anisotropic) variable = v can be constructed in explicit form. Every 
coordinate from a set m° can may be time like, 3D space like, or extra dimensional. For 
simplicity, the partial derivatives are denoted = da/dx^, a* = da/dx"^, a' = da/dx^, a* = 
da/dv. 

The 5D metric 

g = ga(s{x\v)du'' ^duf^ (62) 

has the metric coefficients gap parametrized with respect to the coordinate dual basis by 
an off-diagonal matrix (ansatz) 

gi + w^h:^ + n^h^ ^1^2/14 + ^1^2/^5 WiW^h^ + riin^h^ Wih^ nih^ 

WiW2h4 + nin2h^ g2 + w^h^ + n^h^ w^2'W^3^4 + 't-2't-3^5 ""^2^4 ^2^5 

^1^3/14 + riiTfih^ W2Wzhi + n2n'ih^ gs + w^h^ + n.^h^ wsh^ 71,3/15 , (63) 

W1/14 ^2/^4 wsh^ /i4 

riih^ n2h^ nzh^ 

with the coefficients being some necessary smoothly class functions of type 

gi = ±1, 5-2,3 = fi'2,3(a;^ x^), /i4,5 = h^A^', v), 
Wi = Wi{x\v),ni = ni{x\v), 

where the A^-coefficients from (jH]) and ((Zj) are parametrized Nf = Wi and Nf = rii. 
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q4 q5 

O4 — O5 



1 



2/14/15 



Theorem 4.1. The nontrivial components of the 5D Ricci d-tensors / t.'/ij) . = {Rij, Ria, 
Rai,Sab), for the d-metric 11 11]) and canonical d-connection r^^^ (|^?| ) both defined by the 
ansatz (E^, computed with respect to anholonomic frames ^ and consist from h- and 
v-irreducible components: 

Rl = Rl = — ^ [^3" _ ^ _ M! + _ _ Ml!] (64) 

hi* -hi (in y/\hj^y] , (65) 

= -^^1^ - ^^^^ 
^5. = -|^K*+7<], (67) 

w/iere 

= dihl - hldi In ^/Ih^h^l (3 = hi*- hl[\n ViMsl]*, 7 = ^hl/2h^ - /i://i4 (68) 
^4 7^ 0, /ig 7^ cases wzi/i vanishing hi and/or hi should be analyzed additionally. 

The proof of Theorem 14. II is given in Appendix 1X1 

We can generahze the ansatz ()63|) by introducing a conformal factor uj{x\v) and addi- 
tional deformations of the metric via coefficients Q{x^,v) (here, the indices with 'hat' take 
values like i = 1,2, 3, 5), i. e. for metrics of type 

gl"^! = uj^{x\ v)g^(^ {x\ v) du"" ® du^, (69) 

were the coefficients ga/s are parametrized by the ansatz 

31 + (-iUj^ + Ci^)/l4 + "i^ft-S («'1«'2 + ClC2)^4 + "irt2/l5 (uiiW)3 + flC3)/l4 + Jlinshs («>1+Cl)^4 riihs 

{wiW2 + CiC2)h4, + nin2h5 92 + {w^ + C,^)h4, + n^hs (U12U13 + +(2(3)^4 + n2n3^5 (w2 + (2)^4 n2hs 
(«)1W)3 + ClC3)'l4 + nin3^5 (W21«3 + +C2C3)'l4 + n2n3'l5 53 + (""s^ + (3^)^14 + n3^?t5 ("'3 + (3)^4 "S^lS 
(Wl+Cl)'l4 (l«2+C2)/t4 (l«3+C3)'l4 hi 

nihs ?i2/i5 n^h^ /i5 + C5'i4 

(70) 

Such 5D metrics have a second order anisotropy El when the A^-coefficients are 
parametrized in the first order anisotropy like = Wi and Nf = Ui (with three anholo- 
nomic, X*, and two anholonomic, and y^, coordinates) and in the second order anisotropy 
(on the second 'shell', with four holonomic, {x^,y^), and one anholonomic,?/^, coordinates) 
with A^-^ = Q, in this work we state, for simplicity, (5 = 0. For trivial values 00 = 1 and 
= 0, the metric (jU^ transforms into (jU^ . 
The Theorem 14. II can be extended as to include the ansatz ()69|]: 

Theorem 4.2. The nontrivial components of the 5D Ricci d-tensors / I.Vij) . Rq,/3 = {Rij, Ria^ 
Rat, Sab), for the metric / liij) and canonical d-connection T^^f^ ^27}) defined by the ansatz 
computed with respect to the anholonomic frames ^ and are given by the same 
formulas (|6'/^| )- (|6'7[ ) if there are satisfied the conditions 

5ihi = and 5iUj = (71) 

for Si = di — {wi + Ci) + riid^ when the values = {Q, (5 = 0) are to be defined as any 
solutions of (fyTp. 
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The proof of Theorem 14 . 21 consists from a straightforward calculation of the components 
of the Ricci tensor ()31|) like in Appendix ^ The simplest way to do this is to compute the 
deformations by the conformal factor of the coefficients of the canonical connection ()27|) 
and then to use the calculus for Theorem 14.11 Such deformations induce corresponding 
deformations of the Ricci tensor (jHlll . The condition that we have the same values of the 
Ricci tensor for the (fT^ and (jH) results in equations (ffTjl and (|7H|) which are compatible, 
for instance, if for instance, if 

i^gi/g2 _ g^^^^ g^.^ integers), (72) 

and (i satisfy the equations 

- {w^ + Ci)to* = 0. (73) 
There are also different possibilities to satisfy the condition (fTTj) . For instance, if u = Ui 
UJ2, we can consider that = ool^^''^ tUg^'^'" for some integers gi, q2, qs and q^M 
There are some important consequences of the Theorems 14.11 and 14.21 

Corollary 4.1. The non-trivial components of the Einstein tensor [see 113^^) for the canon- 
ical d-connection] = R"^ — \ for the ansatz and ^ given with respect to the 
N-adapted (co) frames are 

G\ = — (i?2 + 'S'4) ,G\ = G\ = —Sl, G\ = G\ = —R\. (74) 

The relations (f7^ can be derived following the formulas for the Ricci tensor ()(i4|l - (jH7j) . 
They impose the condition that the dynamics of such gravitational fields is defined by two 
independent components R2 and 5*1 and result in 

Corollary 4.2. The system of effective 5D Einstein-Proca equations on spaces provided 
with N-connection structure \44^ ( equivalently, the system \4(:^ - \49^ -is compatible for the 
generic off-diagonal ansatz / f^) and ^ if the energy-momentum tensor tap = '^(^^If/? + 

s|^^) of the Proca and matter fields given with respect to N- frames is diagonal and satisfies 
the conditions 

Tl = Tl = T2(x2, x^ v), = = T^{x\ x^), and Ti = T2 + T4. (75) 

Remark 4.1. Instead of the energy-momentum tensor T^p = '^(S^^ + s|^^) for the Proca 
and matter fields we can consider any source, for instance, with string corrections, when 

'^043^ = K (^al + + ^0/3) ^^^^ ^^W Satisfying the conditions f75l ). 

If the conditions of the Corollary 14.21 or Remark 14.11 are satisfied, the h- and v- ir- 
reducible components of the 5D Einstein-Proca equations pUj) and ()49p. or of the string 
gravity equations (jHUjl . for the ansatz (jMjl and (jH) transform into the system 

Rl = i^^ = -^[^r-f^-^ + ^?;'-^-^] = -T4(x^x^), (76) 
^9293 ^92 ^93 ^93 ^92 

^ V-^5(lnv^W)*]] =-T2(a;^x^^;). (77) 



^ ^ 2hAh 



4115 



= -^^tI- - tS^ = 0, (78) 



'2/l5 2/l5 

2/14 



i?5. = -t!^K* + 7<]=0. (79) 
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A very surprising result is that we are able to construct exact solutions of the 5D 
Einstein-Proca equations with anholonomic variables and generic off-diagonal metrics: 

Theorem 4.3. The system of second order nonlinear partial differential equations (|76| )- 
(f7P| ) and |73| ) can be solved in general form if there are given certain values of functions 
g2{x'^,x^) (or, inversely, g3{x^,x^)), h4{x\v) (or, inversely, h^{x\v)), uj{x\v) and of 
sources T2{x^,x^,v) and T4(x^,x^). 

We outline the main steps of constructing exact solutions and proving this Theorem. 

• The general solution of equation ()7fij) can be written in the form 

tu = g[o] exp[a2X^ [x^, x^) + a^x^ (x^, x"^)], (80) 

were g[o],a2 and 03 are some constants and the functions x^'^ (x^,x^) define any co- 
ordinate transforms x^'^ —>■ x^'^ for which the 2D line element becomes conformally 
flat, i. e. 

g2{x\x^){dxy + g3{x\x''){dx^y ^ zu{x^,x^) [{dx^ + ^dx^Y] , (81) 

where e = ±1 for a corresponding signature. In coordinates x^'^, the equation ()76p 
transform into 

w {zu + w") — w — w' = 2g7^T4(x^, x^) 

or 

= 2T^{f,r'), (82) 

for '?/' = In \ w\. The integrals of (jH^ depends on the source T4. As a particular case 
we can consider that T4 = 0. There are three alternative possibilities to generate 
solutions of (fTHj) . For instance, we can prescribe that g2 = g^, and get the equation 
(j82|l for = In \g2\ = In \g3\. If we suppose that = 0) ^ given g2{x'^), we obtain 
from (fTHjl 

gl'-fl-ifl = 2g2gsr,{x^x') 

which can be integrated explicitly for given values of T4. Similarly, we can generate 
solutions for a prescribed (73 (x^) in the equation 

" 9293 {92^ o ■V ^ 2 3n 

92 - 1^ ^ — = ^9293^a{x ,x-'). 

2^3 2^2 

We note that a transform (jHT|) is always possible for 2D metrics and the explicit form 
of solutions depends on chosen system of 2D coordinates and on the signature e = ±1. 
In the simplest case with T4 = the equation (|76|) is solved by arbitrary two functions 
g2{x^) and gsix"^)- 

• For T2 = 0, the equation (f77j) relates two functions /14 {x\v) and {x\v) following 
two possibilities: 
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a) to compute 

= hii] {x') + /i5[2] {x') j ^\hi {x\v) \dv, hi [x\v) ^ 0; 

= /l5[l] {x') + /l5[2] [x') V, hi {x\ v) = 0, (83) 

for some functions /i5[i,2] (a^*) stated by boundary conditions; 

b) or, inversely, to compute h^ for a given h^ {x\ v) ,hl 0, 

= {x') iV\h, ix\v)\)\ (84) 

with /i[o] (x*) given by boundary conditions. We note that the sourceless equation 
(fTTj) is satisfied by arbitrary pairs of coefficients h4{x\v) and h^[o] (x*) . Solutions 
with T2 7^ can be found by ansatz of type 

h[T2] = h,,h,[T2]=<;4{x\v)h,, (85) 

where /i4 and h^ are related by formula (jEHI), or (jHl|). Substituting (jHKj) . we obtain 

Q = ?4[o] (x*) - / T2{x'^,x^,v)^--^dv, (86) 



4/^5 



where Q[o] (x*) are arbitrary functions. 



The exact solutions of (f7H|l for /5 7^ are defined from an algebraic equation, Wif3+ai — 
0, where the coefficients /? and ai are computed as in formulas ()68|1 by using the 
solutions for (|7H|l and (|77jl . The general solution is 



afcln[^7^/|/i;|]/a,ln[^7ad/|/^5l], (87) 



with = djdv and /ig 7^ 0. If h\ = 0, or even /15 7^ but /? = 0, the coefficients 
Wk could be arbitrary functions on {x\ v) . For the vacuum Einstein equations this 
is a degenerated case imposing the the compatibility conditions (3 = ai = 0, which 
are satisfied, for instance, if the h^ and h^ are related as in the formula (jH^ but with 
^[0] (x^) = const. 

Having defined h4^ and /15 and computed 7 from we can solve the equation (f?^ 
by integrating on variable "f" the equation n** + 772* = 0. The exact solution is 



Uk = nk[i] {x') + nk[2] {x') J [h4/i^/\h\f]dv, h; ^ 0; 
= "-fell] {x') + nk[2] {x') j h^dv, hi = 0; 
= nk[i] (x*) + nk[2] {x') J [l/i^/\h\f]dv, hi = 0, 
for some functions nk[i,2] (x^) stated by boundary conditions. 
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The exact solution of (ff!?|) is given by some arbitrary functions Q = Q if both 

diU = and u* = 0, we chose Q = for u = const, and 

= -Wi + {u*)-^d,u, u*j^O, (89) 
= {u*)^'^diUJ, uj* 7^ 0, for vacuum solutions. 



The Theorem 14.31 states a general method of constructing exact solutions in MAG, 
of the Einstein-Proca equations and various string gravity generalizations with generic 
off-diagonal metrics. Such solutions are with associated N-connection structure. This 
method can be also applied in order to generate, for instance, certain Finsler or Lagrange 
configurations as v-irreducible components. The 5D ansatz can not be used to generate 
standard Finsler or Lagrange geometries because the dimension of such spaces can not be 
an odd number. Nevertheless, the anholonomic frame method can be applied in order to 
generate 4D exact solutions containing Finsler-Lagrange configurations, see Appendix iBl 

Summarizing the results for the nondegenerated cases when hi ^ and h^ ^ and (for 
simplicity, for a trivial conformal factor u), we derive an explicit result for 5D exact solutions 

with local coordinates = {x\y"') when = = {x'^,x^) , = (y^ = v,y"') 

and arbitrary signatures ea = (€1,62,63,64,65) (where 6q, = ±1) : 

Corollary 4.3. Any off-diagonal metric 

Ss'^ = ei{dx^f + e^g^ {x^ {dx^f + 

e,hl{x^) [f* [x\ v)] ' [x\ v) I {5vf + 65/^ {x\ v) {Sy'^f , 
5v = dv + Wk {x\ v) dx'', 6y^ = dy^ + Uk {x\ v) dx'', (90) 

with coefficients of necessary smooth class, where g^ ^x* j is a solution of the 2D equation 
([7^ for a given source T4 ^x* j , 

<^T {X\v) = ,4 {X\v) = ,4[0] {X') - ^hlix') I T2{x\v)[f {x\v)]'dv, 

and the N-connection coefficients Nf = Wi{x^,v) and = ni{x^,v) are 

w. = (91) 
and ^ 



define an exact solution of the system of Einstein equations with holonomic and anholo- 
nomic variables (|76| )-(f7^ for arbitrary nontrivial functions f (x*,f) (with f* 7^ 0), /iq(x*), 

Q[o] (a;*) ,nkii] (a;*) and nk[2] (x*) , and sources T2(x^,f),T4 ^x*j and any integration con- 
stants and signatures 6q, = ±1 to be defined by certain boundary conditions and physical 
considerations. 
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Any metric (jHIH) with ^ and ^ has the property to be generated by a func- 
tion of four variables / {x^,v) with emphasized dependence on the anisotropic coordinate 

V, because /* = dyf 7^ and by arbitrary sources T2(x^,f), T4 ^a;*j . The rest of arbitrary 

functions not depending on v have been obtained in result of integradion of partial differen- 
tial equations. This fix a specific class of metrics generated by using the relation (jHl|) and 
the first formula in ()88|1 . We can generate also a different class of solutions with hl = hy 
considering the second formula in (jHH|l and respective formulas in (jHEj)- The "degenerated" 
cases with hi = but and inversely, hi ^ but h^ = are more special and request 
a proper explicit construction of solutions. Nevertheless, such type of solutions are also 
generic off-diagonal and they could be of substantial interest. 

The sourceless case with vanishing T2 and T4 is defined following 

Remark 4.2. Any off-diagonal metric l\90\} with <jt = 1, ^o(^*) — ^0 ~ const^ = and 
Uk computed as in hut for i,-^ = 1, defines a vacuum solution of 5D Einstein equations 
for the canonical d-connection \21^ computed for the ansatz \90\} . 

By imposing additional constraints on arbitrary functions from Nf = Ui and A^^^ = Wi, 
we can select off-diagonal gravitational configurations with distorsions of the Levi-Civita 
connection resulting in canonical d-connections with the same solutions of the vacuum 
Einstein equations. For instance, we can model Finsler like geometries in general relativity, 
see Corollary iniSl Under similar conditions the ansatz was used for constructing exact 
off-diagonal solutions in the 5D Einstein gravity, see Refs. [3 El E] ■ 

Let us consider the procedure of selecting solutions with off-diagonal metrics from an 
ansatz with trivial N-connection curvature (such metrics consists a simplest subclass 
which can be restricted to (pseudo) Riemannian ones). The corresponding nontrivial coef- 
ficients the N-connection curvature (jSI) are computed 

Q^j = diWj — djWi + WiW* — WjW* and Q^j = diUj — djUi + WiU* — WjU*. 

So, there are imposed six constraints, flfj = fl^j = 0, for i,j... = 1,2,4 on six functions 
Wi and Hi computed respectively as (jH^ and (jH^jl which can be satisfied by a correspond- 
ing subclass of functions / {x\v) (with /* 7^ 0), hl{x^), ^4[o] (x*) ,nk[i] (x*) , n^pj (a;*) and 

T2{x^,v),Ti (in general, we have to solve certain first order partial derivative equa- 
tions with may be reduced to algebraic relations by corresponding parametrizations). For 
instance, in the vacuum case when Wj = 0, we obtain Q^j = diUj — djUi. The simplest 
example when condition fi^ = din^ — (9:-?t,^ = 0, with i,j = 2,3 (reducing the metric ()90|1 
to a 4D one trivially embedded into 5D) is satisfied is to take n^^i] = nap] = in ()92j) and 
consider that f = f (x^,f) with ?22[i] = ^2(1] (x^) and n2[2] = ^2(2] (x^) , i. e. by eliminating 
the dependence of the coefficients on x'^. This also results in a generic off-diagonal solution, 
because the anholonomy coefficients are not trivial, for instance, W24 = ng and wf^ = n*. 

Another interesting remark is that even we have reduced the canonical d-connection 
to the Levi-Civita one [with respect to N-adapted (co) frames; this imposes the metric 
to be (pseudo) Riemannian] by selecting the arbitrary functions as to have = 0, one 
could be nonvanishing d-torsion components like T^^ = Pf^ and T^^^ = P^^ in (1221) • Such 
objects, as well the anholonomy coefficients and wf^ (which can be also considered 



28 



as torsion like objects) are constructed by taking certain "scarps" from the coefficients of 
off-diagonal metrics and anholonomic frames. They are induced by the frame anholonomy 
(like "torsions" in rotating anholonomic systems of reference for the Newton gravtity and 
mechanics with constraints) and vanish if we transfer the constructions with respect to any 
holonomic basis. 

The above presented results are for generic 5D off-diagonal metrics, anholonomic trans- 
forms and nonlinear field equations. Reductions to a lower dimensional theory are not 
trivial in such cases. We emphasize some specific points of this procedure in the Appendix 
|B](see details in [IS]). 

5 Exact Solutions 

There were found a set of exact solutions in MAG jTSlEDllSl describing various configuration 
of Einstein-Maxwell of dilaton gravity emerging from low energy string theory, soliton and 
multipole solutions and generalized Plebanski-Demianski solutions, colliding waves and 
static black hole metrics. In this section we are going to look for some classes of 4D and 
5D solutions of the Einstein-Proca equations in MAG related to string gravity modeling 
generalized Finsler-affine geometries and extending to such spacetimes some our previous 
results miHlini. 

5.1 Finsler— Lagrange metrics in string and metric— affine gravity 

As we discussed in section 2, the generalized Finsler-Lagrange spaces can be modeled in 
metric-affine spacetimes provided with N-connection structure. In this subsection, we show 
how such two dimensional Finsler like spaces with d-metrics depending on one anisotropic 
coordinate y'^ = v (denoted as = [V"^, F {x"^, x^, y)] , = [V^, L (x^, x^, y)] and GL^ = 
[V^,gij {x'^,x^,y)] according to Ref. [H]) can be modeled by corresponding diad transforms 
on spacetimes with 5D (or 4D) d-metrics being exact solutions of the field equations for 
the generalized Finsler-affine string gravity ()60|) (as a particular case we can consider the 
Einstein-Proca system (f76|) - (f79|) and (f73|l ). For every particular case of locally anisotropic 
spacetime, for instance, outlined in Appendix C, see Table HJ the quadratic form gij, d- 
metric ga/s = [Qij^Qij] and N-connection N'- one holds 

Theorem 5.1. Any 2D locally anisotropic structure given by g^^ and Nj can be modeled 
on the space of exact solutions of the 5D (or 4D) the generalized Finsler-affine string gravity 
system defined by the ansatz ^ (or M2(^) ). 

We give the proof via an explicit construction. Let us consider 

ga/3 = [gij, Kb] = [ujg2 x^) , ugs {x^, x^) , uh4^ (x^ x^, v) , uh^ (x^, x^ v)] 

for a; = (x^, x^, v) and 

ATf = [Nf = {x\ x^ v),Nf = m (x^ x^ v)] , 

where indices are running the values a = 4, 5 and z = 2, 3 define an exact 4D solution of the 
equations (fHIHl (or, in the particular case, of the system (f7H|) - (f7n|) . for simplicity, we put 
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uj (x^, x^, v) = 1). We can relate the data (gQ,/3, N°-) to any data (^ga/j, N^j via nondegenerate 

diadic transforms e-' = e*' , = Z^' and g*' = g*' (and theirs 

inverse matrices) 

g,, = ef ef h^t = VUg,,,, N^, = q^.Nf, . (93) 

Such transforms may be associated to certain tetradic transforms of the N-elongated (co) 

frames (((Tj)) (0). If for the given data (ga/3,A^f) and ^gc/jjiV^j in (j^ . we can solve the 

corresponding systems of quadratic algebraic equations and define nondegenerate matrices 

(ef) , (/^') and (g",) , we argue that the 2D locally anisotropic spacetime ^ga/j, N^^ (really, it 

is a 4D spacetime with generic off-diagonal metric and associated N-connection structure) 
can be modeled on by a class of exact solutions of effective Einstein-Proca equations for 
MAG.B 

The d-metric with respect to transformed N-adapted diads is written in the form 

g =gi'j'e'' (g) e'' + gi'j'e'' (g) 

where 

e'' = 4dx\ = /^e», e'^ = dy^ + iV^^ef;,, ej;, = q{ dx\ 

The d-metric (jMjl has the coefficients corresponding to generalized Finsler-Lagange spaces 
and emphasizes that any quadratic form cji/j/ from Table ^ can be related via an exact 
solution {gij,hab,N^) ■ 

We note that we can define particular cases of imbeddings with hat = la 9i'j' 
Nj, = q°;Nj, for a prescribed value of gij = giiji and try to model only the quadratic 
form hiiji in MAG. Similar considerations were presented for particular cases of modeling 
Finsler structures and generalizations in Einstein and Einstein-Cartan spaces [71 E] , see the 
conditions 
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5.2 Solutions in MAG with effective variable cosmological con- 
stant 

A class of 4D solutions in MAG with local anisotropy can be derived from ()44|) for 
s|^^ = and almost vanishing mass /i — of the Proca field in the source This 
holds in absence of matter fields and when the constant in the action for the Finsler-affine 
gravity are subjected to the condition (jKHjl . We consider that 0^ = ^x^j , 0a = j , 

where i, /c, ... = 2, 3 and a, 6, ... = 4, 5, with respect to a N-adapted coframe ((Tj) and choose 
a metric ansatz of type ()124|1 with g2 = 1 and g^ = —1 which select a flat h-subspace 
imbedded into a general anholonomic 4D background with nontrivial hab and N-connection 
structure Nf. The h-covariant derivatives are D^^"^ (jr. = (52(/>j, ds(f)i) because the coefficients 
Ujf^ and are zero in (P7j) and any contraction with 0^ = results in zero values. In 
this case the Proca equations, D,^H'^'^ = transform in a Maxwell like equation. 



d2{d2(j>i) - ds^dscfr-) = 0, 



(95) 
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for the potential </>j, with the dynamics in the h-subspace distinguished by a N-connection 
structure to be defined latter. We note that (pi is not an electromagnetic field, but a 
component of the metric-affine gravity related to nonmetricity and torsion. The relation 
Q = /co0, A =ki(f), T =/c20 from (j42|l transforms into Qi = kocfr-, Aq = kicp^, Ti = k2(j>i, and 
vanishing Qa,-Aa and Ta, defined, for instance, by a wave solution of (jHSI), 

<Ai = 0[o]?cos (^io;' + (^[0]) (96) 

for any constants 0[o]2,3, f[o] and {g2 f — (qs)'^ = 0. In this simplified model we have related 
plane waves of nonmetricity and torsion propagating on an anholonomic background pro- 
vided with N-connection. Such nonmetricity and torsion do not vanish even /i — > and 
the Proca field is approximated by a massless vector field defined in the h-subspace. 

The energy-momentum tensor s|^^ for the massless field ()9(i|l is defined by a nontrivial 
value 

H23 = ^203 - ^302 = £23\h] Sm (^jX' + V?[0]) 

with antisymmetric £23,^23 = !> and constant taken for a normalization e23X[h] = 
t'20[o]3 ~ ^'30[o]2- This tensor is diagonal with respect to N-adapted (co) frames, slf'^ = 
{T2,T2,0,0} with 

T2 x^) = -Af,] sin2 {g^x' + ip[o]) . (97) 
So, we have the case from ()135p and ()136p with T2 (a;^,x^,f) T2 (x^,x^) and T4, i. e. 

Gl = Gl = -St = T2 x^) and = = -Rl = 0. (98) 

There are satisfied the compatibility conditions from Corollary 14.21 For the above stated 
ansatz for the d-metric and 0-field, the system (jiij) reduces to a particular case of (fTBj)- 
(|79|l . when the first equation is trivially satisfied by (72 = 1 and = —1 but the second one 
is 

4 _ c5 _ ^ 



= S; 



[hi* - hi (in ^/\h,h,\^ *]] = sin^ {g,x' + v^pj) . (99) 

The right part of this equation is like a " cosmological constant", being nontrivial in the 
h-subspace and polarized by a nonmetricity and torsion wave (we can state x"^ = t and 

choose the signature ( — I )). 

The exact solution of exists according the Theorem 14.31 (see formulas (jHHjl - (jHH|l ). 
Taking any h^ = h4[X[h] = 0] and h^ = h^lX^ = 0] solving the equation with X[h] = 0, for 
instance, like in ()84|). we can express the general solution with nontrivial source like 



h[>^[h]] = hr,, h^[Xih]] = ?[A] {x\v) hi, 
where (for an explicit source (fTTj) in dHEI)) 

/ ■? \ / 3\ ^\h] 2 1 3 \ f h^h^ 

?[A] [t^x ,v) = ^0] ['t,x ) - ^sm (^2^+ Q3X +(^[0]) j —f-r"'^^ 

where <^4[o] (t, x^) = 1 if we want to have ^a] for A^^j ^ 0. A particular class of 4D off- 
diagonal exact solutions with /14 5 7^ (see the Corollary 14.31 with = t stated to be the 
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time like coordinate and considered as the extra 5th dimensional one to be eliminated 
for reductions 5D— i>4D) is parametrized by the generic off-diagonal metric 

Ss^ = (dty - {dx') - hlit,x') [r | (M' " /' {t,x^v) {5y'f , 

Sv = dv + Wf,{t,x^,v)dx^, 5y^ = dy^ + n^{t,x^,v)dx'', (100) 



with coefficients of necessary smooth class, where g-^yx'^j is a solution of the 2D equation 
ffTBj) for a given source T4 | x" 



)2 

?[A] (t, x^ v) = l + -^Ki't^ sin^ (^2^ + Qzx^ + ¥^[0]) P {t, v) , 
and the N-connection coefficients = u}^{t,x^,v) and A^^ = ni{t^x^^v) are 

_ d2,z^[\] {t,x^,v) 

and 

f [f* (t,x^,v)f 

n2,3 {t, X^, v) = n2,3[l] {t, X^) + n2,3[2] {t, x^) / ' ' ^ ^a] {t, x^ , v) dv, 

J [f{t,x^,v)] 

define an exact 4D solution of the system of Einstein-Proca equations ()4fjj) - (pn|) for van- 
ishing mass n ^ 0, with holonomic and anholonomic variables and 1-form field 

(f)- = (/'[ojicos {g2t + g3X^ + v?[o]) , <^4 = 0, </)o = 

for arbitrary nontrivial functions / (t, x^, v) (with /* 7^ 0), hl{t, x^), ^^[1^2] (^5 x^) and sources 
T2 {t,x^) = ~^ffi] ^^^^ (^?2^ + Qsx^ + ip[o]j and T4 = and any integration constants to be 
defined by certain boundary conditions and additional physical arguments. For instance, 
we can consider ellipsoidal symmetries for the set of space coordinates {x^, = v, y^) con- 
sidered on possibility to be ellipsoidal ones, or even with topologically nontrivial configu- 
rations like torus, with toroidal coordinates. Such exact solutions emphasize anisotropic 
dependences on coordinate v and do not depend on y^. 



5.3 3D solitons in string Finsler— affine gravity 

The d-metric can be extended as to define a class of exact solutions of generalized 

Finsler affine string gravity (jEDI), for certain particular cases describing 3D solitonic config- 
urations. 

We start with the the well known ansatz in string theory (see, for instance, [21]) for the 
H-&e\d dSZI) when 

iiuXp = u\p + iiuXp = \H]\l\Sal3\£uXp (101) 

where e^Ap is completely antisymmetric and X[h] = const, which satisfies the field equations 
for HiyXp, see fl59j) . The ansatz (jlOlj) is chosen for a locally anisotropic background with 
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Z u\p defined by the d-torsions for tlie canonical d-connection. So, tfie values Hj,Ap are 
constrained to solve the equations (jlOll) for a fixed value of the cosmological constant A[//] 
effectively modeling some corrections from string gravity. In this case, the source ()97|) is 
modified to 

"T^a l-L2-t- .,-^2-1- ./ 



and the equations (|UH|) became more general. 



)i2 



Gl = Gl = -St = T2 (x^ x^) + ^ and G 



(-JA — — -ftn 



)i2 



(102) 



or, in component form 



Rn 



Si 



si 



1 



1 

2/2,4/15 



^2^3 (^3) 



292 2(73 
/ir-/i5 flnv^ 



+ ^2 - 



^2^3 _ (^1 
2^73 2(72 ^ 



A' 



(103) 



4 



+ A|,] sin^ (^ia;^ + (^[o]) -(104) 



The solution of ()103|1 can be found as in the case for ()82j) . when ip = \n\g2\ = In |(73| is a 
solution of 



)i2 



(105) 



where, for simplicity we choose the h-variables = and = x^. 

The solution of ()104j) can be constructed similarly to the equation ()99|) but for a modified 
source (see Theorem 14.31 and formulas (j83|) - (j86|) ). Taking any h4 = h4^[X[h] = 0,X[h] = 0] 
and /i5 = h!^[X[h] = 0, X[h] = 0] solving the equation with X[h] = and X[h] = like in (jH^ . 
we can express the general solution with nontrivial source like 

h5[X[h], XiH]] = h^, hi[Xih], X[H]] = ^A,//] {x\v) hi, 
where (for an explicit source from ()104|) in (jHUjl ) 



X2 



hi 



0. 



where <^4[o] {t, x^) = 1 if we want to have ^a] for A^^j, A 

We define a class of 4D off-diagonal exact solutions of the system (jUnjl with hl^ ^ 
(see the Corollarv 14.31 with x'^ = t stated to be the time like coordinate and x^ considered 
as the extra 5th dimensional one to be eliminated for reductions 5D-^4D) is parametrized 
by the generic off-diagonal metric 



6s' 



5v 



-hlit, x') [r {t, x^ v)Y hx,H] (t, x\ v) I {6vf , 

dv + (t, x^, f ) dx'', 6y^ = dy^ + (t, x^, v) dx^ 



(106) 
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with coefficients of necessary smooth class, where g-j^ | x 
ffTBj) for a given source T4 | x 



is a solution of the 2D equation 



16 



sin^ {g2t + 03X^ + ^[0]) 



X2 



x^,v) 



and the N-connection coefficients N-^ = w^it, x^, v) and A^^ = r;,-j(t, x^, v) are 



and 



f [f* (t,x^,v)f 

n2,3 {t,x^,v) = n2,3[i] {t,x^) +n2,3[2] {t,x^) / 77— ^-r^-^qA,/f] {t,x^,v) dv, 

J [f{t,x^,v)] 

define an exact 4D solution of the system of generalized Finsler-affine gravity equations 
(jfiOj) for vanishing Proca mass fi ^ 0, with holonomic and anholonomic variables, 1-form 
field 



= <^[0U(^' cos {g2t + 03^^ + (f[0]) , 04 = 0, 00 







(107) 



and nontrivial effective if-field H 



uXp 



X[H]^/\Sai3\^iyXp foi arbitrary nontrivial functions 
sources 



f{t,x^,v) (with /* ^ 0), hl{t,x^), nfc[i,2] {t,x^) and 

T2 (t, x^) = Afj:^]/4 - Xf^{t, x^) sin^ (^2^ + Q3X^ + <f[o]) and T4 = Af^j/4 

and any integration constants to be defined by certain boundary conditions and additional 
physical arguments. The function 0rg,^(t, x^) in ()107|) is taken to solve the equation 



d2[e-<'^^')d2h 



93[e"H*--^)930, 



(108) 



where L;^^ are computed for the d-metric (jlOfij) following the formulas (j2Z|)- For ip = 0, 
we obtain just the plane wave equation (jH^I) when (p^r- and A^^](t, x^) reduce to constant 
values. We do not fix here any value of {t, x^) solving ()105|1 in order to define explicitly 
a particular solution of p08p . We note that for any value of ilj{t,x^) we can solve the 
inhomogeneous wave equation (jlOSp by using solutions of the homogeneous case. 

For simphcity, we do not present here the explicit value of \/|g^ computed for the d- 
metric ()106|) as well the values for distorsions Z ,^xp, defined by d-torsions of the canonical 
d-connection, see formulas ()53|) and ((221) (^^e formulas are very cumbersome and do not 
reflect additional physical properties). Having defined Z ^Ap, we can compute 



H 



vXp 



X 



^aP\'^vXp 



vXp- 



We note that the torsion T^^^ contained in Z ^xp, related to string corrections by the i^-field, 
is different from the torsion T =/c20 and nontrivial nonmetricity Q = k^cf), A =/ci0, from 
the metric-affine part of the theory, see ()42|1 . 
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We can choose the function / (t, x^, v) from or as it would be a solution of 

the Kadomtsev-Petviashvili (KdP) equation [25 , i. e. to satisfy 

/•• + e(/' + 6/r + r**)* = 0, e = ±l, 

or, for another locally anisotropic background, to satisfy the (2 + l)-dimensional sine- 
Gordon (SG) equation, 

-/•• + /'+/** = sin/, 

see Refs. on gravitational solitons and theory of solitons. In this case, we define a 
nonlinear model of graviational plane wave and 3D solitons in the framework of the MAG 
with string corrections by iZ-field. Such solutions generalized those considered in Refs. [7] 
for 4D and 5D gravity. 

We can also consider that FjL = p{t,x^,v) is just the generation function for a 
2D model of Finsler /Lagrange geometry (being of any solitonic or another type nature). 
In this case, the geometric background is characterized by this type locally anisotropic 
configurations (for Finsler metrics we shall impose corresponding homogeneity conditions 
on coordinates). 

6 Final Remarks 

In this paper we have investigated the dynamical aspects of metric-affine gravity (MAG) 
with certain additional string corrections defined by the antisymmetric if-field when the 
metric structure is generic off-diagonal and the spacetime is provided with an anholonomic 
frame structure with associated nonlinear connection (N-connection). We analyzed the 
corresponding class of Lagrangians and derived the field equations of MAG and string 
gravity with mixed holonomic and anholonomic variables. The main motivation for this 
work is to determine the place and significance of such models of gravity which contain as 
exact solutions certain classes of metrics and connections modeling Finsler like geometries 
even in the limits to the general relativity theory. 

The work supports the results of Refs. j3 |Hj where various classes of exact solutions 
in Einstein, Einstein-Cartan, gauge and string gravity modeling Finsler-Lagrange config- 
urations were constructed. We provide an irreducible decomposition techniques (in our 
case with additional N-connection splitting) and study the dynamics of MAG fields gen- 
erating the locally anisotropic geometries and interactions classified in Ref. P|. There are 
proved the main theorems on irreducible reduction to effective Einstein-Proca equations 
with string corrections and formulated a new method of constructing exact solutions. 

As explicit examples of the new type of locally anisotropic configurations in MAG and 
string gravity, we have elaborated three new classes of exact solutions depending on 3- 
4 variables possessing nontrivial torsion and nonmetricity fields, describing plane wave 
and three dimensional soliton interactions and induced generalized Finsler-affine effective 
configurations. 

Finally, it seems worthwhile to note that such Finsler like configurations do not vio- 
lates the postulates of the general relativity theory in the corresponding limits to the four 
dimensional Einstein theory because such metrics transform into exact solutions of this the- 
ory. The anisotropics are modeled by certain anholonomic frame constraints on a (pseudo) 



35 



Riemannian spacetime. In this case the restrictions imposed on physical apphcations of 
the Finsler geometry, derived from experimental data on possible limits for brocken local 
Lorentz invariance (see, for instance, Ref. [IZI), do not hold. 

A Proof of Theorem 14.11 

We give some details on straightforward calculations outlined in Ref. [T3] for (pseudo) 
Riemannian and Riemann-Cartan spaces. In brief, the proof of Theorem 14.11 is to be 
performed in this way: Introducing Nf = Wi and Nf = in (jH)) and ((Zj) and re-writting 
into a diagonal (in our case) block form (jllj) . we compute the h- and v-irreducible 
components of the cannonical d-connection (j2Zj). The next step is to compute d-curvatures 
()3Up and by contracting of indices to define the components of the Ricci d-tensor (jHT|) which 
results in (j64 |l - (j67j) . We emphasize that such computations can not be performed directly 
by applying any Tensor, Maple of Mathematica macros because, in our case, we consider 
canonical d-connections instead of the Levi-Civita connection [SH!- We give the details of 
such calculus related to N-adapted anholonomic frames. 

The five dimensional (5D) local coordinates are and y"' = (f , y) , i. e. = v, y^ = y, 
were indices k... = 1, 2, 3 and a, b, c, ... = 4, 5. Our reductions to 4D will be considered 
by excluding dependencies on the variable and for trivial embeddings of 4D off-diagonal 
ansatz into 5D ones. The signatures of metrics coud be arbitrary ones. In general, the 
spacetime could be with torsion, but we shall always be interested to define the limits to 
(pseudo) Riemannian spaces. 

The d-metric (jllll for an ansatz ()(i3|l with gi = const, is written 

6s^ = giidx'f + (72 ((x^ x') {dx^f + {x^) {dx^f + K {x\ v) {5vf + {x\ v) {5yf, 
Sv = dv + Wi [x^ , v) dx\ 6y = dy + rii (x'' , v) dx' (109) 

when the generic off-diagonal metric (jU^ is associated to a N-connection structure N°- 
with = Wi [x'',v) and = rii {x^,v) . We note that the metric ()l()9j) does not depend 
on variable = y, but emphasize the dependence on "anisotropic" variable y'^ = v. 

If we regroup ()109|) with respect to true differentials du"" = {dx\dy°') we obtain just 
the ansatz (jUHj) . It is a cumbersome task to perform tensor calculations (for instance, of 
curvature and Ricci tensors) with such generic off-diagonal ansatz but the formulas sim- 
plify substantially with respect to N-adapted frames of typedHj) and ^ and for effectively 
diagonalized metrics like ()109|) . 

So, the metric (jU^ transform in a diagonal one with respect to the pentads (frames, 
funfbeins) 

e* = dx\ = 6v = dv + Wi {x^ , v) dx\ = 6y = dy + rii (x'', v) dx" (110) 

or 

= [dx\ dy" = dy'' + ATf c/x^) 
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being dual to the N-elongated partial derivative operators, 

ei = ^1 = — -^f— = — -w^iir: -'^ilTT' (111) 

62 = 62 



63 = 
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^Y.py. A — _^ — ( J_ — _d ]\ra_d_ _d_ 

The N-elongated partial derivatives of a function / {u°') = f {x\y°') = f {x,r,v,y) are 
computed in the formSo the N-elongated derivatives are 

, f df df df df df 

ou^ ox'^ ox Ox oy"- ox ov oy 

where 

dx"^ dx ' dx'^ dr ' dy'^ dv 

The N-elongated differential is 

Sf = 4^5u''. 

The N-elongated differential calculus should be applied if we work with respect to N- 
adapted frames. 



A.l Calculation of N— connection curvature 

We compute the coefficients (0) for the d-metric p09p (equivalently, the ansatz (jU^ ) defin- 
ing the curvature of N-connection N^, by substituting = wi [x^, f ) and Nf = rii (x'^, f ) , 
where i = 2,3 and a = 4,5. The result for nontrivial values is 

^23 = -^23 = ^'2-^3- ^3W^2 - ^^2^3, (112) 
^23 = -^23 = ^2 - % - ^^3^2 " ^^2^3" 

The canonical d-connection F'*'^^ = (^L^j^, Ll^, Cj^, (fTTf) defines the covariant derivative 

D, satisfying the metricity conditions D^g^^ = for g^^ being the metric ()109|) with the 
coefficients written with respect to N-adapted frames. V^^p has nontrivial d-torsions. 

We compute the Einstein tensors for the canonica d-connection F^^^ defined by the 
ansatz ()109j) with respect to N-adapted frames ()110|1 and This results in exactly 

integrable vacuum Einstein equations and certain type of sources. Such solutions could be 
with nontrivial torsion for different classes of linear connections from Riemann-Cartan and 
generalized Finsler geometries. So, the anholonomic frame method offers certain possibilites 
to be extended to in string gravity where the torsion could be not zero. But we can 
always select the limit to Levi-Civita connections, i. e. to (pseudo) Riemannian spaces by 
considering additional constraints, see CoroUarv 13.31 and/ or conditions (fHTjl . 
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A. 2 Calculation of the canonical d— connection 

We compute the coefficients (P7|) for the d-metric ()109|) (equivalently, the ansatz (jUHjl ) when 
9jk = {9j} and hfjc = {/if,} are diagonal and gik depend only on x"^ and but not on y"". 
We have 

h9ij = dkQij - Wkg-j = dkQij, Skh = dkh - (113) 
5kWi = dkWi - WkW*, SkUi = dkUi - WkU* 

resulting in formulas 

U. = -q'"- + ^ _ = -n"- ( ^ + ^^^^ 



2^ \5x^ bx^ 5x^ 2^ I 5x>' bx^ bx 



The nontrivial values of U^y. are 



^22 = T— = «2> ^23 = 7^ = «2> ^33 = (114) 

'^92 ^92 ^92 

p - _i!L p - M_ - ry* f 3 _ ^3 _ / 

-^22 ~ r)^ ; -^23 ~ n„ ~ "3' -^33 ~ r,„ ~ "3- 



In a similar form we compute the components 



rddhbc 



Ltk = dbN^k + [9kh, - - h,,d,N^ - h,,d,N^ 

having nontrivial values 

^42 = 7^{hl-W2hl)=b2ln^\=b2f3,, (115) 

^43 = ^ (^4 - ^^3/^1) = bs In y[/il| = bsPi 

Ljk = -^fcfc = ^^nk + ^ (5fc/ib5 - Wkhl^ - hdbUk) , (116) 



Llk = nl + ^{-hnl) = lnl (117) 



2h 



5 



= 7^ (^fc/^s - w^fc/^s) = '^fc In = '^fc/34- 



We note that 



1 ifc% 



2" 5y 

because gjk = Qjk (a^*) for the considered ansatz. 
The values 



C]c = .9''^ = (118) 
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for hbd = [h^, h^] from the ansatz (jH!^ have nontrivial components 

^ h* h* ^ h* 

= 2^ ^ ^ ~2t ' ^ i ^ ^^^^^ 

The set of formulas pi4|) - pi9|) define the nontrivial coefficients of the canonical d- 
connection f^„^ = (L],^Xlk^C]c^cA (j2Z|) for the 5D ansatz 



A. 3 Calculation of torsion coefficients 

We should put the nontrivial values pi4p - pi9|) into the formulas for d-torsion 
One holds T^ j^. = and T^^ = 0, because of symmetry of coefficients L*^ and C^^. 
We have computed the nontrivial values of see ()112|1 resulting in 

^23 = ^23 = -^23 =^2-^1- ^3^^ - (120) 
^2^3 = ^23 = -^23 = ^2 - "-3 - ^3^2 " ^2?^3- 



One follows 



rpi rpi >yj ik~_j]^ _^ r\ 

-'■ja — ~-'-aj — ^.ja " ^ jc " 7,9 ~ 



1 ^ 

2^ dy' 



see 

For the components 



dm 

rjia rjia rya i j a 



i. e. for 



= ~ ^.bj = ^bWi - Lj^j and Pj,i = - L = dbUi - Lj^j, 

we have the nontrivial values 

= ^-^ ~ ^ (^^^4 - Wihl) = w* - 6ip4, P^i = 

Hi = \nl P% = -^^{d,h,-w,hl) = -5,P,. (121) 

The formulas ()120|) and ()121|) state the nontrivial coefficients of the canonical d- 
connection for the chosen ansatz ()1U9|) . 

A. 4 Calculation of the Ricci tensor 

Let us compute the value Rij = R^ijk as in (pTTjl for 

pi ^'^■f^j .hk _i_ T ni T i rm ri Qa 

^ hjk — ^^k ^ ^.hj^mk ^.hk^mj ^ .ha^^jk^ 

from (jnOJ. It should be noted that = for the ansatz under consideration, see ()118|) . 
We compute 
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5U 



because do not depend on variable 



V. 



Derivating ()114|1 . we obtain 



o r2 _ 9** id*) 07-2 _ 9' 9*92 Q r2 _ 9*' 9*9* 

22-77-- „ I x2' 2Z- 77-- ^2' 33 - -77- + TTT^' 

^92 2(5(2) 2(5(2) ^fi'2 2(52) 



^2' , 9*29?, r, r3 91* i9l f ,3 93 9*393 



0*2-'^ 22 - ~77~ + TTT ^2 ' '^2-tv 23 " TT —, ^2 ' '^2-tv 33 - TT 



253 2(53)' 253 2(53)' 253 2(53) 



2 ' 



.2 _ 92 9292 r2 _ 92 (^2) a r2 _ ^3 , ^3^2 

2fi'2 2(52) 252 2(52) 252 2(52) 



a r 3 _ 92 . 9292 t 3 _ 93 9393 a r 3 _ 93 [93) 

C3^ 22 - -77- + „ f ^2' 23 - ^TT " ^TT^' ^ 33 " 1^ " ^ ^ 

253 2(53) 253 2(53) 253 2(53) 

For these values and ()114|) . there are only 2 nontrivial components 



2 



p2 _ 5^3 

-'^ 323 ~ ~ 



^2*^3' (^3*)^ ^ 92 



9W3 



i9iy 



252 4(52) 45253 252 45253 4(52)^ 



223 



9'* ^ 9'93 ^ (9. 



*3f 



92 I ^2^3 I (^?2)' 



with 



253 45253 4(53)2 253 4(53)2 45253 
i?22 = —R^oo'i and -R33 = 



323' 



or 



K2 - -K3 



which is (jnU- 

Now, we consider 



2526-3 



.. ^72'^?3' (9*3? ^ „ 9W3 (92)' 

93 o „ n„ ~^ 92 



252 253 



253 252 



P' 



dL 



bk 



bka 



dy" 



dO 



ba 



^.ba k ^ ^.bd^.ka 



"T dk^ .bd '^.bk^ .da 



d r^c jji ^ 



ak^ .bd 



C'c pd 
^.bd^.ka 



from ()30p . Contracting indices, we have 



bk 



pa 



bk 



bka 



Qyd 



r~id I r~id pd 
^.ba\k "T ^.bd^.ka 



Let us denote C5 = and write 

d n JVT-eQ rd 



C,b\k — SkCb — L fji^Cd — dkCb — N^deCb — L ^^^.Cd — dkCb — WkCl — L bk^d- 
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We express 
where 



[l]Rbk 
[2]Rbk 
[3]Rbk 



Rbk — [l]Rbk + [2]Rbk + [3]Rbk 



/~ia pd 
^.bd^.ka 



'^M-^.ki "T '-^.65-' .A:4 '^M-^.kb '-^.65-' .fc5 



and 



^4 I ^5 _ "4 I -"b 



/^4 I 
'-'54 + "-^SS 



see flTTTHl . 

We compute 

with 

[l]RAk 
[2]-R4fc 

[3]RAk 

Summarizing, we get 

Rik 

or, for 



Rik — [l]RAk + [2]R4:k + [3]R4:k 



-dkCi + WkCl + Iv\fcC4, L\fc = (5fc/?4 see (11151 

-dk (/?: + + wk + /?5*)* + (/?: + /j^*) 

^4 p4 I p5 _|_ p4 I ^5 p5 

'-^.44-' .fc4 "T '-".45-' .M "T '^.44-^. k5 '-".45-' .A:5 

(^fc - 4/^4) - /35*4/35 



[/^r + - (31/3;] + (3;dk (A + (3,) - dk(3; 



h* 



2hA '' 



5 



we can write 



2h^R. 



5-n-4fc 



Wk 



hi* 



2hn 



2hA 



+ 



hi 



2 {h, f 



dkh4 ^ dkhr, 



hi 



h^ 



dkht 



which is equivalent to ()66p 

In a similar way, we compute 



with 



[l]R5k 
[2]R5k 
[3]R5k 



Rbk — [l]R5k + [2]R5k + [3]R5k 



{Ltk)\ 

-dkC^ + WkCl + L\j,C,, 



"5 

ri4 p4 I ^4 p5 I ^5 p4 I p5 
'-' 54-' kA "T '-" 55-' kd "T '-' .54 fc5 "T '-^ 5^-' I 



(122) 



.55-' .fc5- 
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We have 



— —n. 



h* h* 

2/l4 2/l5 



ht h 



K 1 



2/i5 2/i4 2/i4 2 



n,. 



which can be written 



i. e. dnil) 

For the values 

jka 



9L:,k 



+ ^.Ik'-'.ja ~ ^.jk^.la ~ ^.ak^.jc 



I (^i pb 
^ ^.jb-^.ka 



from (jHUj) . we obtain zeros because C^-^ = and U-^^ do not depend on y^. So, 



Taking 



dO 



.bd I /^e /^a /^e /^a 
"T ^ .bc^.ed ^.bd^.ec- 



bed Qyd QyC 

from and contracting the indices in order to obtain the Ricci coefficients, 



R 



■be 



.bd I /~ie /~id /~ie /~id 
+ '^.bc^.ed ~ ^.bd^.ec 



Qyd Qy. 

with C"^^ = Ch afready computed, see ()122|1 . we obtain 

-rtfec — \y.bc) " '^c'^b + '-'.fec'-"4 — ^M^Ac ~ ^.bb^Ac ~ ^ .be ~ ^ .bb^ . 

There are nontrivial values, 
-R44 



5c- 



R 



■55 



- iPi + + PI iPi + p*b - m - im 

(C.ts) ~ C'sj (-C4 + 2C45) 



2h 



Introducing 

we get 



hi 



h* 

n* '"4 n* "'5 



R^ 



pb_ 1 
^ 2/14/^5 



"'b 



2h^ 



+ 



2hA 



which is just flB3jl . 

Theorem 14. II is proven. 
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B Reductions from 5D to 4D 



To construct a 5D 4D reduction for the ansatz (jfiHj) and is to eliminate from formulas 
the variable and to consider a 4D space (parametrized by local coordinates (x^, x^, v, y^)) 
being trivially embedded into 5D space (parametrized by local coordinates (x^, x^, x^, v, y^) 
with Qii = ±l,gia = 0, a = 2, 3, 4, 5) with possible 4D conformal and anholonomic trans- 
forms depending only on variables (x^, x^, v) . We suppose that the 4D metric g^j^ could be 
of arbitrary signature. In order to emphasize that some coordinates are stated just for a 
such 4D space we put "hats" on the Greek indices, S, /5, ... and on the Latin indices from 

the middle of alphabet, = 2,3, where -u" = (x\y^] = {x'^ , x^ , y'^ , y^) . 



In result, the Theorems 14.11 and 14. 2[ Corollaries 14.11 and 14.21 and Theorem 14.31 can be 
reformulated for 4D gravity with mixed holonomic-anholonomic variables. We outline here 
the most important properties of a such reduction. 

• The metric ()62|) with ansatz ()63p and metric ()69p with Q are respectively transformed 
on 4D spaces to the values: 

The first type 4D off-diagonal metric is taken 





(123) 



with the metric coefficients g^g parametrized 



92 + W2^h4 + n2^/i5 W2W^hi + n2nshr^ W2h4 n2h^ 

W2W^hi + n2n^h^ g^ + w^^h4 + n^h^ w^h^ n^h^ 

W2hi w^h/i hi 

^2/15 713/15 /15 



(124) 



where the coefficients are some necessary smoothly class functions of type: 



5^2,3 = 5'2,3(a;^x^),/^,4,5 = /i4,5(a;'',t^), 
vj^ = u}^{x'',v),nq = nq{x'',v); i,k = 2,3. 



The anholonomically and conformally transformed 4D off-diagonal metric is 




(125) 



were the coefficients g-g are parametrized by the ansatz 



92 + {w2^ + C2^)hi + n^h^ {w2Ws + +C2C3)hA + n2nsh5 (^2 + C2)/i4 

(W2W3 + +(2(3)^4 + n2n3/l5 5'3 + (w3^ + C3^)^4 + %^/i5 («^3 + (3)^4 
{W2 + C2)/i4 {W3 + (3)^14 h4 

n2h^ n^h^ 



+ (5/^4 
(126)" 







where C7 = ( ^'^j ) ^ind we shall restrict our considerations for = 0. 
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We obtain a quadratic line element 

6s' = g2{dx'f + gsidx'f + K{5vf + h,{5y'')\ (127) 

written with respect to the anholonomic co-frame i^x'^ , 5v , 5y^^ , where 

5v = dv + w^dx'' and 6y^ = dy^ + rt-dx" (128) 
is the dual of ((5j, 84^,8^) , where 

(5. = a^ + ^94 + n.95. (129) 

If the conditions of the 4D variant of the Theorem 14.11 are satisfied, we have the 
same equations (fTHj) - ([7^ were we substitute /i4 = h/^ {x^, and = ^x^, . 

As a consequence we have ai (x^, v) ^ oq ,(3 = (3 and 7 = 7 [0^, 

resulting m. w:j^ = ^x^, f j and ni = nq (^x^, t> j . 

The 4D line element with conformal factor ()127p subjected to an anhlonomic map 
with Cs = transforms into 

= u;''{x\v)[g2{dxy + g^{dx^f + K{5vf + h,X6y'')\ (130) 
given with respect to the anholonomic co-frame ^rfx*, 5f , 5y^^ , where 

§v = dv + {mi + Qi)dx' and 5y^ = dy^ + n-dx' (131) 
is dual to the frame ^(^, 94,^5^ with 

= ^ - K + (ddi + n-d,^ 4 = ^5. (132) 
The formulas (fTTj) and (fTSj) from Theorem 14.21 must be modified into a 4D form 

= and = (133) 

and the values (-r = (C?, Cs = 0) are found as to be a unique solution of (ffTjl : for 
instance, if 

^<]i/q2 _ g^j-^^ integers), 

satisfy the equations 

&.u;-iw. + C-)uJ* = 0. (134) 

One holds the same formulas (jHHjl - ljHHj) from the Theorem 14.31 on the general form 
of exact solutions with that difference that their 4D analogs are to be obtained by 
reductions of holonomic indices, z — > z, and holonomic coordinates, — >■ x*, i. e. in 
the 4D solutions there is not contained the variable x^. 
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• The formulae (f7^ for the nontrivial coefficients of the Einstein tensor in 4D stated 
by the Corollary 14. II are written 



• For symmetries of the Einstein tensor ()135p . we can introduce a matter field source 
with a diagonal energy momentum tensor, like it is stated in the Corollary 14 .21 by the 
conditions (|75|l . which in 4D are transformed into 



The 4D dimensional off-diagonal ansatz may model certain generalized Lagrange con- 
figurations and Lagrange-affine solutions. They can also include certain 3D Finsler or 
Lagrange metrics but with 2D frame transforms of the corresponding quadratic forms and 
N-connections. 

C Generalized Lagrange— Affine Spaces 

We outline and giye a brief characterization of fiye classes of generalized Finsler-affine 
spaces (contained in the Table 1 from Ref. [Q; see also in that work the details on classifi- 
cation of such geometries). We note that the N-connection curyature is computed following 
the formula = ^[j-?V]], see for any N-connection Nf. A d-connection D = [F^^] = 
[U^,, L\,, CV„ C^] defines nontriyial d-torsions T"^^ = [Lj ^.,], C^, ^%.T\^. and d- 
curyatures R"^^^ = [i?^^.^^, R\,^i, P)^^, P%^^, S'j^,^, S\^] adapted to the N-connection struc- 
ture (see, respectiyely, the formulas and (jSOI))- Any generic off-diagonal metric gai3 
is associated to a N-connection structure and reprezented as a d-metric gap = [gij,hab] 
(see formula (jllll ). The components of a N-connection and a d-metric define the canonical 
d-connection D = [F^^] = [L"^ j^, L°-bki ^^jc^ ^"fec] (^^e (|2Z|)) with the corresponding yalues of 
d-torsions T"g^ and d-curyatures R-"/?^,-- The nonmetricity d-fields are computed by using 
formula Qa/37 = -Dagf^^ = [Qijk,Qiab,Qajk,Qabc\, scc (Uni). 

The Table^outlines fiye classes of geometries modeled in the framework of metric-affine 
geometry as spaces with nontriyial N-connection structure (for simplicity, we omitted the 
Berwald configurations, see Ref. [H]). 

1. Metric-affine spaces (in brief, MA) are those stated as certain manifolds \/"+'" of 
necessary smoothly class proyided with arbitrary metric, gajs, and linear connection, 
r^^, structures. For generic off-diagonal metrics, a MA space always admits nontriyial 
N-connection structures. Neyertheless, in general, only the metric field can be 
transformed into a d-metric one ga/3 = [Oij, hab], but F^^ can be not adapted to the N- 
connection structure. As a consequence, the general strength fields {T'^p^, R'^^^t^ Qa/s-r) 
can be also not N-adapted. 

2. Distinguished metric-affine spaces (DMA) are defined as manifolds V"+™ proyided 
with N-connection structure N"-, d-metric field (jllj) and arbitrary d-connection FJ^^. 
In this case, all strenghs (T"^^, R"g^^, Qq,/j^) are N-adapted. 



2 — Lrg — — ^4, CT4 — Ctj — — -K2. 



(135) 



(136) 
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3. Generalized Lagrange-afRne spaces (GLA), GLa" = [V^ , gij{x,y), ["IP"^) , are mod- 
eled as distinguished metric-affine spaces of odd-dimension, V"+", provided with 

generic off-diagonal metrics with associated N-connection inducing a tangent bundle 
structure. The d-metric g[a] and the d-connection '"'T'^a/j = ( ^"^L'^jki '"'^'j^) are 
similar to those for the usual Lagrange spaces but with distorsions Z" ^ inducing 
general nontrivial nonmetricity d-fields 

4. Lagrange-affine spaces (LA), La" = (F", 5f|^^(x, y), '''^F"^), are provided with a 
Lagrange quadratic form gf^\x^y) — | Qyi^yj inducing the canonical N-connection 
structure ["^■'"^N = { ''^'^liVj} for a Lagrange space L" = [V^ .gij{x,y)) but with a 
d-connection structure ''''F'^q, = F'^^^-i?'^ distorted by arbitrary torsion, T^, and 
nonmetricity d-fields, Qa-ya, when ^^^F"^ = ^^^F^ + '^1 This is a particular case 
of GLA spaces with prescribed types of N-connection I'^^liVj and d-metric to be like 
in Lagrange geometry. 

5. Finsler-affine spaces (FA), Fa" = (\/", F (x, y) , t^lF"^) , in their turn arc introduced 
by further restrictions of La" to a quadratic form gf^^ — | QyiQyj constructed from a 
Finsler metric F {x\y^) . It is induced the canonical N-connection structure t^'N = 
{ [^^A^j} as in the Finsler space F" = (V", F {x, y)) but with a d-connection structure 
^^^T^^l^ distorted by arbitrary torsion, T^^, and nonmetricity, Q/3-yr, d-fields, ^-^'F^g = 
[■^1F"j + [-^1 Z"^, where '^'F^g is the canonical Finsler d-connection. 
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Space 


N-connection/ 
N-curvature 

mpfrir' / 

d-metric 


(d-) connection/ 

1 n - 1 f nr*^! on 


(d-) curvature/ 

In — 1 n on m pf ri pi f a/ 


1 A/T A 


on. a.m. gap, 

ga/3 = [dij, hab] 


J- /37 
^ /37 


pa 

/37r 


2. DMA 


ga/3 = [gij, hab] 


J- /37 


T30 

/37r 
^a/37 




dimi = dim a 






3. GLA 


on. a.m. gap, 


^ aP 
la] rr^a 
■^131 


[a] -pa 
^ap7 


4. LA 


dimi = dim a 
d-metr.g|fj 


[b] T^a 
J- /37 


[6] -pa 


5. FA 


dimi = dim a 

r 1 

d-metr.g|^^^ 


a/3 
J- /37 


via/37 — ■L-'oS^^ 



Table 1: Generalized Finsler/Lagrange-affine spaces 
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